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Abstract. We first study the degeneration of a sequence of Hermitian- Yang- 
Mills metrics with respect to a sequence of balanced metrics on a Calabi-Yau 
threefold X that degenerates to the balanced metric constructed by Fu, Li and 
Yau 14 on the complement of finitely many (-l,-l)-curves in X. Then under some 
assumptions we show the existence of Hermitian- Yang-Mills metrics on bundles 
over a family of threefolds Xt with trivial canonical bundles obtained by perform- 
ing conifold transitions on X. 

1. Introduction 

This paper is about the existence problem for Hermitian- Yang-Mihs metrics on 
holomorphic vector bundles with respect to balanced metrics, when conifold transi- 
tions are performed on the base Calabi-Yau threefolds. 

The construction of canonical geometric structures on manifolds and vector bun- 
dles has always been a very important problem in differential geometry, especially 
in Kahler geometry. A class of manifolds which are the main focus in this direction 
is the Kahler Calabi-Yau manifoldly, i-e., Kahler manifolds with trivial canonical 
bundles. The Calabi conjecture which was solved by Yau [44] in 1976 states that in 
every Kahler class of a Kahler Calabi-Yau manifold there is a unique representative 
which is Ricci-flat. 

After the solution of the Calabi conjecture, Kahler Calabi-Yau manifolds have un- 
dergone rapid developments, and the moduli spaces of Kahler Calabi-Yau threefolds 
gradually became one of the most important area of study. In the work of Todorov 
|38j and Tian [36] the smoothness of the moduli spaces of Kahler Calabi-Yau man- 
ifolds in general dimensions was proved. In the complex two dimensional case, the 
moduli space of K3 surfaces is known to be a 20-dimensional complex smooth irre- 
ducible analytic space, with the algebraic K3 surfaces occupying a 19-dimensional 
reducible analytic subvariety with countable irreducible components [23] [39] |28j . 
The global properties of the moduli spaces of Kahler Calabi-Yau threefolds remain 
much less understood. 

However, there was the proposal by Miles Reid [32] which states that the mod- 
uli spaces of all Calabi-Yau threefolds can be connected by means of taking bira- 
tional transformations and smoothings on the Calabi-Yau threefolds. This idea, 



"'^In this paper, by a Calabi-Yau manifold we mean a complex manifold with trivial canonical bundle 
which may or may not be Kahler, and what is usually called a Calabi-Yau manifold will now be a 
Kahler Calabi-Yau manifold. 
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later dubbed as "Raid's Fantasy" , was checked for a huge number of examples in 
[4] [7]. The processes just mentioned are called geometric transitions in general, 
and the main focus in this paper is the most studied example, namely the conifold 
transition, which was first considered by Clemens [8j in 1982 and later caught the 
attention of the physicists starting the late 1980's. It is described as follows. Let 
X he a smooth Calabi-Yau threefold containing a collection of mutually disjoint 
(-l,-l)-curves Ci, C;, i.e., rational curves Ci = with normal bundles in X iso- 
morphic to C'pi(— 1) © Opi(— 1). One can contract the Cj's to obtain a space Xq 
with ordinary double points, and then under certain conditions given by Friedman, 
Xq can be smoothed and one obtains a family of threefolds Xt with trivial canonical 
bundles. 

Even when X is Kahler, the manifolds Xt may be non-Kahler, and it was proved 
in [T3] that they nevertheless admit balanced metrics, which we denote by Cof In 
general, a Hermitian metric w on a complex n-dimensional manifold is balanced if 
(i(a;"~^) = 0. Kahler metrics are obviously balanced metrics, but, unlike the Kahler 
case, the existence of balanced metrics is preserved under birational transformations 
[1]. Moreover, if the manifold satisfies the dd-lemma, then the aforementioned 
existence is also preserved under small deformations [52]. What [T^ shows is that 
it is also preserved under conifold transitions provided X is Kahler Calabi-Yau. 

In this paper we would like to push further the above result on the preservation of 
geometric structures after conifold transitions. Consider a pair {X,£) where X is a 
Kahler Calabi-Yau threefold with a Kahler metric u, and £^ is a holomorphic vector 
bundle endowed with a Hermitian- Yang-Mills metric with respect to u. Denote the 
contraction of exceptional rational curves mentioned above by vr : X — )■ Xq. From 
the point of view of metric geometry, such a contraction can be seen as a degeneration 
of Hermitian metrics on X to a metric which is singular along the exceptional curves. 
In fact, following the methods in [14], one can construct a family of smooth balanced 
metrics {iOa}a>o on X such that cD^ and uj'^ differ by dd-exact forms and, as a — )• 0, 
cJq converges to a metric ujq which is singular along the exceptional curves. The 
metric cDq can also be viewed as a smooth metric on Xq^s^, the smooth part of Xq. 

We have the following result which is the first main theorem. 

Theorem 1.1. Let E he an irreducible holomorphic vector bundle over a Kahler 
Calabi-Yau threefold {X,u}) such that ci{£) = and £ is trivial on a neighborhood 
of the exceptional rational curves Ci. Suppose £ is endowed with a HYM metric 
w.r.t. id. 

Then there exists a HYM metric Hq on £\xo sm with respect to loq, and there is a 
decreasing sequence {oi}'^^ converging to 0, such that there is a sequence {Ha^}'^^ 
of Hermitian metrics on E converging weakly in the L^- sense, for all p, to Hq on 
each compactly embedded open subset of XQ^sm, where each Ha^ is HYM with respect 

to UJa, ■ 

Suppose that one can smooth the singular space Xq to Xt^ and that the bundle 
7r^,<S fits in a family of holomorphic bundles £t over Xt, i.e., the pair {Xq^tt^.E) can 
be smoothed to {Xt,£t)- We ask the question of whether a Hermitian- Yang- Mills 
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metric with respect to the balanced metric ojt exists on the bundle £f Note that 
the condition that £ is trivial in a neighborhood of the exceptional rational curves 
Ci implies that the bundles £t would be trivial in a neighborhood of the vanishing 
cycles. Also note that ci{£t) = for any t / 0. 

We now state the second main theorem of this paper. 

Theorem 1.2. Let {X^oj) he a smooth Kahler Calabi-Yau threefold and vr : X — )• 
Xq be a contraction of mutually disjoint (-l,-l)-curves. Let £ he an irreducible 
holomorphic vector bundle over X with ci{£) = that is trivial in a neighborhood of 
the exceptional curves of n, and admits a Hermitian-Yang-Mills metric with respect 
to 00. Suppose that the pair {Xq,tt^,£) can be smoothed to a family of pairs {Xt,£t) 
where Xt is a smooth Calabi- Yau threefold and £t is a holomorphic vector bundle on 
Xt. 

Then fort ^ sufficiently small, £t admits a smooth Hermitian-Yang-Mills metric 
with respect to the balanced metric oJt constructed in [14j . 

For irreducible holomorphic vector bundles over a Kahler manifold, the existence 
of Hermitian-Yang-Mills metrics corresponds to the slope stability of the bundles. 
For proofs of this correspondence, see [9] jlOj j40j. On a complex manifold endowed 
with a balanced metric, or more generally a Gauduchon metric, i.e., a Hermitian 
metric w satisfying 99(a;"~^) = 0, one can still define the slopes of bundles and 
hence the notion of slope stability. Under this setting, Li and Yau [24] proved the 
same correspondence. 

Another motivation for considering stable vector bundles over non-Kahler mani- 
folds comes from physics. Kahler Calabi-Yau manifolds have always played a central 
role in the study of Supersymmetric String Theory, a theory that holds the highest 
promise so far concerning the unification of the fundamental forces of the physical 
world. Among the many models in Supersymmetric String Theory, the Heterotic 
String models [20] |41j require not only a manifold with trivial canonical bundle but 
a stable holomorphic vector bundle over it as well. Besides using the Kahler Calabi- 
Yau threefolds as the internal spaces, Strominger also suggested to use a model 
allowing nontrivial torsions in the metric. In [35] . he proposed the following system 
of equations for a pair (w, H) consisting of a Hermitian metric on a Calabi-Yau 
threefold X and a Hermitian metric H on a vector bundle £ ^ X with ci{£) = 0: 

(1.1) Fh /\u;^ = 0; F°/ = F^/ = 0; 

(1.2) V^ddoo = -(tr(i?^ A R^) - ii{FH A Fh)); 

(1.3) d*u: = V^{d-d)\n\\il\\^; 

where -R^ is the full curvature of uj and Fh is the Hermitian curvature of H. The 
equations (jl.ip is simply the Hermitian-Yang-Mills equations for H. Equation (jl.2p 
is named the Anomaly Cancellation equation derived from physics. In [25] it was 
shown that equation (jl.Sp is equivalent to another equation showing that oj is con- 
formally balanced: 

d(||fita;2) =0. 
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It is mentioned in [14] that this system should be viewed as a generahzation of 
Calabi Conjecture for the case of non-Kahler Calabi-Yau manifolds. 

The system, though written down in 1986, was first shown to have non-Kahler 
solutions only in 2004 by Li and Yau [25] using perturbation from a Kahler solution. 
The first solutions to exist on manifolds which are never Kahler are constructed 
by Fu and Yau [16]. The class of threefolds they consider are the T^-bundles over 
K3 surfaces constructed by Goldstein and Prokushkin [19]. Some non-compact 
examples have also been constructed by Fu, Tseng and Yau [15] on T^-bundles over 
the Eguchi-Hanson space. More solutions are found in a recent preprint [2j using 
the perturbation method developed in [25] . 

The present paper can also be viewed as a step following [l3] in the investigation 
of the relation between the solutions to Strominger's system on X and those on Xq 
and Xt- 

This paper is organized as follows: 

Section 2 sets up the conventions and contains more background information of 
conifold transitions and Hermitian- Yang-Mills metrics over vector bundles. More- 
over, the construction of balanced metrics in [l4j is described in more details neces- 
sary for later discussions. 

In Section 3 the uniform coordinate systems on Xq and on Xt are introduced, 
which are needed to show a uniform control of the constants in the Sobolev inequal- 
ities and elliptic regularity theorems. 

In Section 4 Theorem 1 1.1 1 is proved, and several boundedness results of the HYM 
metric Hq in that theorem are discussed. 

In Section 5 a family of approximate Hermitian metrics Ht on 8t are constructed, 
and some estimates on their mean curvatures are established. 

Section 6 describes the contraction mapping setup for the HYM equation on the 
bundle £f Theorem 11.21 is proved here. 

Section 7 deals with a proposition left to be proved from Section 6. 

Acknowledgements The author would like to thank his thesis advisor Professor 
S.-T. Yau for constant supports and valuable comments. The author is also grateful 
to Professor C. Taubes and Professor J. Li for helpful discussions, and to Professor 
J.-X. Fu for useful comments during the preparation of this work. 



2. Backgrounds 

2.1. Conifold transitions. Let X be a Kahler Calabi-Yau threefold with a Kahler 
metric denoted by oo. Let IjCi be a collection of (— 1, — l)-curves in X, and let 
Xq be the threefold obtained by contracting IJCj, so X is a small resolution of 
Xq. Xq has ordinary double points, which are the images of the curves Q under the 
contraction. There is a condition given by Friedman which relates the smoothability 
of the singular space Xq to the classes [Ci] of the exceptional curves in X: 
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Theorem 2.1. [I2][T3] // there are nonzero numbers Aj such that the class 
(2.1) Y.Xi[Ci] = 

i 

in then a smoothing of Xq exists, i.e., there is a 4-dimensional complex 

manifold X and a holomorphic projection X ^ A to the disk A in C such that the 
general fibers are smooth and the central fiber is Xq. 

The above theorem is also considered in [37] from a more differential geometric 
point of view, and in [B] the condition (|2.1|) is discussed in the obstructed case of 
the desingularization of Kahler Calabi-Yau 3- folds with conical singularities. 

The local geometry of the total space X near an ODP of Xq is described in the 
following. For some e > and for 

U = {{z, t) eC^ X A,\\\z\\ < 2, + z| + z| + z| = t} 

there is a holomorphic map 3 : U ^ X respecting the projections to A and so 
that U is biholomorphic to its image. We will denote 

Qt := {zf + zl + zl + zl = t] C 

From the above description, a neighborhood of in Qq models a neighborhood of 
an ODP in Xq. For t ^ 0, Qt is called a deformed conifold. Throughout this paper 
we will denote by the restriction of ||2;|| to Qt C C^, and use the same notation 
for their pullbacks under 

For each ODP pi of Xq, we have the biholomorphism Hj : ?7j — >■ A' as above. 
Without loss of generality we may assume that the images of the Hj's are disjoint. 
For a given t £ A, define Vt^i{c) to be the image under Sj of {{z, t) £ C^x Af.\rt{z) < 
c, zj + Z2+z'^ + zl = t}, and define Vt{c) = \Ji^t,i{c). Define Vt,i{Ri,R2) = 
Vt,i{R2)\Vt4Ri) for any < i?i < R2 and Vt{Ri,R2) = [JiVt^Ri, R2). Define 
Ui{c) := 7r^^(Vo,i(c)) C X where vr is the small resolution vr : X — )■ Xq, and 
U{c) = Ui Uiic). Finally, define Xt[c\ = Xt\Vtic). 

For each t 7^ 0, it can be easily checked that > |t|2 on Qt and the subset 
{rt = \t\^} C Qt is isomorphic to a copy of S^, which is usually called the vanish- 
ing sphere. Each subset Vt{c) is thus an open neighborhood of the vanishing spheres. 

Remark In the rest of the paper we will always regard Vt^j(c) not only as a subset 
of Xt, but also as a subset of Qt via the map Hj and the projection map from the 
set {{z, t) e X A,|rt(z) < c, zf + z^ + z^ + zj = t} to C^. 

We also use the same notation rj to denote a fixed smooth extension of r^ from 
Vt{l) to Xt so that rt < 3. 
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The following description of Qq and Qi will be useful in our discussion. Denote 
S = S0{4:)/ SO{2). Then there are diffeomorphisms 



(2.2) (/>o : S X (0, oo) Qo,sm such that (f)o{A ■ 50(2), fq) = A 





V / 



and 
(2.3) 



: i;x(l,oo) ^ Qi\{ri = 1} such that (/>i(A-5'0(2), ri) = ^ 



/ cosh(i cosh ^{rl)) \ 
i sinh(i cosh~"'^(rf )) 


V / 



Here Qo,sm is the smooth part of Qq, and the variables tq and ri are indeed the 
distances of the image points to the origin. 

We can see in particular from (j2.2p that 00 describes Qq as a cone over S. It is 
not hard to see that S = S"^ x S"^. However, the radial variable for the Ricci-flat 

2 

Kahler cone metric gcofi on Qq is not tq, but pQ = Yq. In fact, Qcofl can be expressed 
as 



(2.4) 



2 4 



where g^. is an 5'0(4)-invariant Sasaki-Einstein metric on S. The Kahler form of 
gcofi is given by ijJcofi = \/— l99/o(rQ) where /o(s) = |s3. In this paper we will not 
use the variable /Jo- 
in this paper, given a Hermitian metric g, the notation will always refer to 
the Chern connection of g. 



2.2. The Candelas-de la Ossa metrics. Candelas and de la Ossa [5] constructed 
a 1-parameter family of Ricci-flat Kahler metrics {gco,a 

|a > 0} on the small reso- 
lution Q of Qq. The space Q is named the resolved conifold, and the parameter a 
measures the size of the exceptional curve C in Q. Identifying Qo.sm with Q\C bi- 
holomorphically via the resolution map, the family {gco,a\o- > 0} converges smoothly, 
as a goes to 0, to the cone metric gcofl on each compactly embedded open subset 
of Qo.sm.) i-e., each open subset of Qo.sm whose closure in Qq is contained in Qo.sm- 
The Kahler forms of the metrics gco,a will be denoted by ujc.o,a- 

They also construct a Ricci-flat Kahler metric gco,t on Qt for each 7^ t G A. 
Explicitly, the Kahler form of gco,t is given by Wco,t = V~^ddft{r^) where 

1 2 

(2.5) /^(s) = 2~3|t|3 / (sinh(2r) - 2r)3dr, 

Jo 
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and it satisfies 

(2.6) ojI,^, = ^/^Ult A nt 

where Vtt is the holomorphic (3,0)-form on Qt such that, on {zi 7^ 0}, 

VLt = — dz2 A dz^ A dzAn.. 

In this paper, the metrics gco,a with subscripts a will always denote the Candelas- 
de la Ossa metrics on the resolved conifold Q, and the metrics gco,t with subscripts 
t will always denote the Candelas-de la Ossa metrics on the deformed conifolds Qt- 

In the following we discuss the asymptotic behavior of the CO-metrics gco,t- Con- 
sider the smooth map 

^> : S X (1,00) ^ S X (0,00) 



defined by 



where 



$(A-50(2),ri) = (A-50(2),ro(ri)) 



1 



ro(ri) = Q(sinh(2cosh-^(r?)) - 2 coshT^ {vl)) 

Note that 

(2.7) ri = (cosh(/-i(2r^)))^ 



where f{s) = sinh(2s) — 2s. 

Define xi = (jy^ o ^ o cj)'^'^ ^ which is a diffeomorphism from (I^]^\-[r]^ — 1} to Qo^sm- 
Then ro(xi(x)) = ro(ri(x)) for x G Qi\{ri = 1}. Define Ti = x^^ . It is shown in 
[6] that the following hold for some constants -Di./t, D2,k, and D^j. as tq — )• 00: 

(2.8) TlUco,! = l^co,0! 

(2.9) i^ijn^i - ^o)u.o,o < D,,,/f-'-'\ 

(2.10) NL,oi^l9co,i - 9co,o)\g..,o < D2,krl^''''\ 
and 

(2.11) \K.,o(^Ui - Jo)Uo < D,,,4'^~'~'^ 
where Jt is the complex structure on Qt. 
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Let ipt ■ Qi ^ Qt be a map such that ■0t (zj) = t^Zi. Here can be either of the 
two square roots of t. We then have 



1 



^;rt = \t\2r1, Vt*ro = \t\2r0 
(2.12) 2 2 

'4't^co,t = \t\^U}co,l, Ipt^cofi = lihWccO, 

2 2 

V't^co,* = |i|3c/co,ii and iplgcofi = Wgco,o- 
2 

The equahty il)*ojco,t = |i|^Wco,i follows from the explicit formulas of the Kahler 
potentials (j2.5p and the fact that the map ipt is biholomorphic. With this un- 

2 

derstood, ipt9co,t = |i|^g'co,i then follows easily. The rest are trivial. Note that 
V,/,*„ , = V 2 = V„ „ and V,;,*„ . = V 2 = , for t 7^ 0. 

Let xt = V'foxio^/;^-'^, which is understood as a diffeomorphism from Qt\{rt = |t| 2 } 
to Qo,sm- Note that xt is independent of the choice of 1 2 ^ and so {xt}t form a smooth 
family. Define = xjT^. 

Lemma 2.2. VFe /lat'e 

and /or t/ie same constants Di^^, 1)2, fc o^t^ -^3,^ «s {SUP, i2.10\) and i2.11\) . we 
have, as ro 00, 

|VL,o(^t5co,t-5co,o)|g.„,o < D2,k\t\4^~'''''\ and 

Proof. The first equation follows easily. From the rescaling properties ()2.12p we 
have, for w £ Xq, 

=Z)i,fc|t|roMi(-3-^-). 
The other two estimates can be carried out in a similar manner. ■ 



Using the explicit formula (|2.7p , the following lemma is elementary, and the proof 
is omitted: 
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Lemma 2.3. As x £ Qi\{ri = 1} goes to infinity, ri(x)ro(a;i(x)) ^ goes to 1. In 
particular, there is a constant A > such that 

^ < ri(x)ro(xi(x))"^ < A 

for any x £ Qi such that 1 <C ri{x). As a result, by the rescaling relation i2.12\) . 
for the same constant A we have 

J < rt{z)ro{xt{z))-^ < A 

for any z £ Qt such that |t|2 <^ TLt{z). 

Lemma 12.21 and Lemma 12.31 imply 

Corollary 2.4. There exists a constant Dq > such that for any z £ Qt with 
< rj(z), 

|V,^^„^„(T*Jt - Jo)\rtg..Axtiz)) < Do\t\rtiz)l^-'~''^ 

fork = 0,1. 

2.3. The balanced metrics constructed by Fu-Li-Yau. Using Mayer- Vietoris 
sequence, the change in the second Betti numbers before and after a conifold tran- 
sition is given in the following proposition: 

Proposition 2.5. ^32j Let k be the maximal number of homologically independent 
exceptional rational curves in X. Then the second Betti numbers of X and Xt satisfy 
the equations 

h2{Xt) = b2{X) - k. 

From this proposition one sees that the second Betti number drops after each 
transition, and when it becomes 0, the resulting threefold is never Kahler. Because 
of this, when considering Reid's conjecture, a class of threefolds strictly containing 
the Kahler Calabi-Yau ones have to be taken into account. A particular question 
of interest would be finding out suitable geometric structures that are possessed by 
every member in this class of threefolds. One achievement in this direction is the 
work of in which the following theorem is proved: 

Theorem 2.6. Let X be a Kahler Calabi-Yau threefold. Then after a conifold 
transition, for sufficiently small t, Xt admits a balanced metric. 

In the following we review the results in |14j in more detail. 

First, a balanced metric cDq on X^^sm is constructed by replacing the original 
metric uj near the ODPs with the CO-cone metric ijJco,o- One of the main feature 
of this construction is that and Cjq differ by a c)9-exact form. It is not hard to 
see that their construction can be used the construct a family of balanced metrics 
{ujco,a\0' > 0} on X converging smoothly, as a goes to 0, to the metric on com- 
pactly embedded open subsets of X\ |J Cj = XQ^sm, such that and all fi^ca differ 
by 99-exact forms. 
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The main achievement in [T3] is the construction of balanced metrics Ut on X^. Fix 
a smooth family of diffeomorphisms xt : Xt[^] — )• Xq[^] that such xq = id. Let g{s) 
be a decreasing cut-off function such that q{s) = 1 when s < | and g{s) = when 
s > |. Define a cut off function go on Xq such that ^)o|xo[i] = 0) i?olvb(i) = li and 
£'olvo(i 1) = £?(ro)- Also define a cut off function gt on such that = x^go 

and ^fly^^i) = 1. Denote CIq = ljq = idd{foddfo), and let 

$i = /;(Ao - idd{go ■ fo{rl)ddh{rl))) + idd{gt ■ ft{rl)dd ft{rl)) . 

3 1 2 2 13 

We can decompose the 4-form (^t = ^t + + 'I't' • It is proved in [13] that for 
i 7^ sufficiently small the (2,2) part <I>^'^ is positive and over Vt{\) it coincides 
with CA^cof be the positive (l,l)-form on Xt such that = Neither cjj 

nor Lo^ is closed in general. The balanced metric constructed in |14j satisfies the 
condition oj^ = <I>^'^ + 9t + 0t where 6t is a (2,2)-form satisfying the condition that, 
for any k > — |, 

(2.13) lini(|Csup|04j = O 

t^o Xt 

where gt is the Hermitian metric associated to ojf The proof of this limit makes use 
of the expression 

(2.14) Ot = dd*d*-ft 

for a unique (2,3)-form satisfying the equation Et{'yt) = —d^t'^ and jt -L kerE'j 
where 

Et = ddd*d* + 9*99*5 + d*d 
and the *-operators are with respect to the metric gt. It was proved in [14j that 
d'yt = 0. Moreover, the (2, 3)-form d^t' is supported on -^t[l], so there is a constant 
C > independent of t such that 

(2.15) \d^l'^\ck < C\t\. 

We will denote | • |t the norm w.r.t. gt, \ ■ \co.t the norm w.r.t. gco,t, and | • | the 
norm w.r.t. gt. We will denote dVt the volume w.r.t. gt, dVco,t the volume w.r.t. 
gco,t, and dV the volume w.r.t. gt- 

Because of (I2.13|) we have the following lemma concerning a uniformity property 
between the metrics gt and gco,t- 

Lemma 2.7. There exists a constant C > 1 such that for any small t ^ 0, over the 
region Vt{l) we have 

C'^gt < gco,t < Cgt- 

Consequently, we have constants Ci > 1 and C2 > 1 such that for any t ^ small 
enough, 

C^^dVt < dVco,t < CidVt 

and 

^1 • It < I • \co,t < ■ \t- 
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Now we introduce our conventions on (negative) Laplacians. Let w be a Hermitian 
metric on X and n = dimcX. For any (l,l)-form ip on X, define h.^)^ '■= ^^'^n — • 
For a smooth function / on X, define A^f = ^^—lA^^ddf. In local coordinates, if 
ui = ^^^^Qfjdzi A dzj and ip = iffjdzi A dzj, then ^J—lK^^p = 2g'^~^(pfj. We denote 
Ai := A,^, and := A^^. 



2.4. Hermitian- Yang-Mills equation. Let be a Hermitian metric on a holo- 
morphic vector bundle £ over a complex manifold X endowed with a balanced metric 
g. Let V A = Qa + Qa be an i/-unitary connection on £. We denote by (•, ■)H,g the 
pointwise pairing induced by H and g between the if-valued forms or the End(f)- 
valued forms. The following proposition is will be used in later calculations. 

Proposition 2.8. [27] For /ii,/i2 G V{End{£)), we have 

/ {dAhi,dAh2)H,gdVg = {AgdAdAhl, h2)H,gdVc^ 

Jx Jx 
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and 



/ {dAhi,dAh2)H,gdVg = -V^ {AgdAdAhl, h2)H,gdVg. 

Jx Jx 



In a local holomorphic frame of £, the curvature of a connection Va is given by 

Fa:= dA- AA a, 

which is an End -valued 2-form. Given a Hermitian metric H over a bundle £, 
the curvature for the Chern connection can then be locally computed to be 

Fh = d{dHH-^). 

Taking the trace of the curvature 2-form with respect to a Hermitian metric uj, we 
obtain the mean curvature ^J—lAi^FH of H. It is not hard to see that y/ —IAi^Fh 
is //-symmetric. 

Definition 2.9. A Hermitian metric H on £ satisfies the Hermitian- Yang- Mills 
equation with respect to uj if 

^/^A^Fh = XI 

for some constant X. Here I denotes the identity endomorphism of £ . 

Next we introduce slope stability. For a given Hermitian metric H on £, the first 
Chern form of £ with respect to H is defined to be 

ci{£,H) = ^tvFH. 

It is independent of /f up to a dd-exact form, and is a representative of the topo- 
logical first Chern class ci{E) G H^{X,C). 

The cj-degree of £ with respect to a Hermitian metric iv is defined to be 



deg,(£:) := / cii£,H)Aoj^-^ 
Jx 
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where n = dime X. This is not weU-defined for a general oj. It is, however, weh- 
defined for a Gauduchon metric uj since dd{uj"'~^^) = and ci{£, H) is independent of 
H up to 99-exact forms. In particular, the degree with respect to a balanced metric 
is well-defined. Note that the cu-degree is a topological invariant, i.e., depends only 
on c\{£), if u is balanced. We restrict ourselves from now on to the case when u is 
Gauduchon. 

For an arbitrary coherent sheaves J- of Ox-modules of rank s > 0, we define 
deg^{F) := deg^(det J^) where det := {k^F)** is the determinant line bundle of 
F. We define the w-slope of F to be /u^(-F) := ^2SJ^) . 

Definition 2.10. A holomorphic vector bundle £ is said to be uj- (semi) stable if 
fJ-wiF) < {<)^u}{£) for every coherent sub sheaf F ^ £ with < rankF < rank£. 

A holomorphic vector bundle £ is said to be u -poly stable if £ is a direct sum of 
uj-stable bundles all of which have the same u-slope. 

The following theorem generalizing [40J was proved by Li and Yau [24|: 

Theorem 2.11. On a complex manifold X endowed with a Gauduchon metric uj, 
a holomorphic vector bundle £ is oj -poly stable if and only if it admits a Hermitian- 
Yang-Mills metric with respect to uj. 



2.5. Controls of constants. Let f be a holomorphic vector bundle over a compact 
Hermitian manifold {X,g), H a Hermitian metric on £, and ^H.g the connection 
on £ ($7^)®^ induced from the Chern connections of H and g. Let r be a smooth 
positive function on X. 

We can define the following weighted norms on the usual Sobolev spaces L^{£) 
over X: for each a £ L-^i£), 

We denote by ^(<?) the same space as L^i^{£) but endowed with the above norm. 
Here dVg is the volume form of g. 

There are also the weighted C'^-norms: 

k 

j=0 ^ 

We denote by C^{£) the same space as C^{£) but endowed with the above norm. 

Now let {^z '■ Bz ^ Uz C X}z£x be a system of complex coordinate charts where 
each (j)z maps the Euclidean ball of radius p in centered at homeomorphically 
to Uz, an open neighborhood of z, such that (j)z{0) = z. Over each Uz define g to 
be r{z)~3g. Let ge denote the standard Euclidean metric on Bz C C , and Ve the 
Euclidean derivatives. 
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For m > 0, let > be constants such that for any z £ X and y £ U^, 

(2.16) -^r(z) < r(y) < Ror{z) 
and 

(2.17) \V^v\gM<Rmv{y). 

For A; > 0, let > be constants such that for any z G X, 

(2.18) ^Qe < (Pig < Coge 
over Bz where g^ is the Euclidean metric, and 

(2.19) mg\\cHB.,9.) < Ck. 

We may deduce the following version of Sobolev Embedding Theorem. 

Theorem 2.12. For each l,p,q,r there exists a constant C > depending only on 
the constants Rm and Ck above such that 



whenever -<-<- + and 



whenever - < 



1 ^ q~i 



The proof of the above result is standard. Simply put, we integrate over z £ X 
the Sobolev inequalities on each chart Uz, and use the bounds (j2.16p - (j2.19p to help 
control the constants of the global inequalities. 

In fact, the method of this proof is useful in controlling not only the Sobolev con- 
stants, but the constants in elliptic estimates as well. Consider a linear differential 
operator P : C°°{£) — )• C°°{£) of order m on the space of smooth sections of £. 
Assume also that P is strongly elliptic, i.e., its principal symbol cr(P) satisfies the 
condition that there is a constant A > such that {a^{P){v),v) > A||f|p for any 
V £W {r = ranki:) and ^ € with norm ||^|| = 1. 

Proposition 2.13. Assume there are constants > 0, k > 0, such that for any 
z £ X there is a trivialization of 8\u^ under which the operator P above takes the 
form 

P=^ A 

|a|<m ^ 

in the coordinates {wi,W2,W3) £ C C^, and the matrix-valued coefficient func- 
tions Aa satisfy 

|V^A„L„ < A 



for all a and k. Here a = (ai,...,a6), oti > 0, are the multi-indices and \a\ 
ai + ... + ae. 
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Assume also that there is a Hermitian metric H on £ and constants > for 
k > 0, such that when H is viewed as a matrix-valued function on Uz under the 
above frames, we have C'q^^I < H < C'qI and \V^H\g^ < on Uz for any k and 

zex. 

Then there exists a constant C > depending only onp, I, m, fi, X, A^, R^, Ck, 
and C'^. such that for any a G C°°(iS), we have 

3. Uniform coordinate systems 

In this section we will construct coordinate systems with special properties over 
Xo^sm and over each Xt for small t 7^ 0. Later we will mainly be using the wieghted 
Sobolev spaces and the discussions in Section 2 show that these coordinate systems 
help providing uniform controls of constants appearing in the weighted versions of 
Sobolev inequalities and elliptic estimates. The use of weighted Sobolev spaces is 
now standard in the gluing constructions or desingularization of spaces with conical 
singularities. See [26j and [3lj for more details. 

The main goal of this section is to prove the following theorem. 

Theorem 3.1. There is a constant p > such that, for any t (t can he zero), at 
each point z & Xt (or z G Xo^sm when t = 0), there is an open neighborhood Uz C Xt 
(or Uz C Xq^styi when t = 0) of z and a diffeomorphic map (pt,z '■ Bz ^ Uz from the 
Euclidean ball of radius p in centered at to Uz mapping to z so that one has 
the following properties: 

(i) There are constants Rm > 0, m > 0, such that for any t, z G Xt (or 
z G Xo,sm when t = 0) and y £ Uz, 

(3.1) -^rtiz) < vt{y) < Rovtiz) 
and 

(3.2) \v^rt\gM < RnMy)- 

_ 4 

(ii) Over each Uz define gt to be Tt{z)^^gt. Then for each k > 0, there is a 
constant Ck independent of t and z £ Xt (or z £ Xo^sm when t = 0) such 
that 

(3-3) -^ge < 4>Xz9t < Cage 

over Bz, and 

(3.4) UlzUcHB.^g.) < Ck. 

We first consider the following version of this theorem: 

Theorem 3.2. Theorem \3. 1\ holds with Bz understood as a Euclidean ball of radius 
p in centered at and g,, as the standard Euclidean metric on Bz C M.^. 
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The proof of Theorem 13.21 begins with a version where Xf are replaced by Qt and 
9t by gco,t- 

Proposition 3.3. There is a constant p > such that, for any t (t can he zero), at 
each point z £ Qt (z £ Qo.sm when t = 0), there is an open neighborhood C Qt 
(or Uz C Qo^sm when t = 0) of z and a diffeomorphic map (j)t^z '■ ^ Uz from the 
Euclidean ball of radius p in centered at to Uz mapping to z so that one has 
the following properties: 

(i) There are constants Rm > 0, m > 0, such that for any t, z £ Qt (or 
z £ Qo,sm when t = 0) and y £ Uz, 

(3.5) -^rtiz) < rt{y) < Rort{z) 
and 

(3.6) \VTrt\gM < RmMy). 

4 

(ii) Over each Uz define gco,t to be TCt{z)~^ gco,t- Then for each k > 1, there is 
a constant Ct independent of t and z £ Qt (or z £ Qo^sm when t = 0) such 
that 

(3-7) -^ge < 4>Xz9co,t < Coge 

over Bz, and 

(3-8) Wt,z9co,t\\c^(B^,g^) < Ck- 

Proof. While constructing the coordinate charts, we prove (|3.5p . (j3.7p . and (|3.8p 
first, leaving (j3.6p to be discussed at the end. 

We begin with the t = Q case. Choose p < 1 to be significantly smaller then the 
injectivity radius of the metric g^, from (j2.4p . Then at each point p E S one has the 
coordinates ^>p : i?p — )• S from the Euclidean ball of radius p in centered at 
to S mapping to p and satisfying the properties that there are constants Ck > 0, 
k >0, independent of p such that 

(3.9) -^5e < %g^ < Coge 

Co 

over Bp, and 

(3-10) ii$;5e|Ic.(b„§.)<^^- 

Here ge is the standard Euclidean metric on Bp. More explicitly, we can simply 
choose a coordinate chart around one point in S and then define the coordinates 
around the other points of S by using the transitive action of 50(4) on S. Since 
the metric g^, is S'0(4)-invariant, the above constants are easily seen to exist. 
For X £ Qo,sm with (I)q^{x) = {p,ro{x)) G S x (0, oo), define 

jcc : Bp X (-/), p) S X (0, oo) 
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which maps (y, s) £ BpX {—p, p) to jx{y, s) = {^p{y), ro(x)e2''). Denote the restric- 
tion of jx to Bx C Bp X {—p, p) by the same notation. Then define (/)o,x : i^o ° jx ■ 
Bx ^ Qo,sm- Condition ()3.5p is manifest. 
We have 

(3.11) 0S,x5co,o = {d{ro{x)h')f + ro{x)le^'%gj: = ro{x)l e^'{{dsf + %gj:). 

By choosing p smah so that ^ < e^* < 2 for s G {—p,p). Using the identity 
ge = (ds)"^ + ge, one sees that the bound (13. 7p for the t = case foUows from (13. 9p . 
Moreover, using the fact that the derivatives of e^* and (ds)'^ + ^^Se are bounded 
in the Euchdean norm on Bx, the bound (|3.8p for this case follows. 

Next we deal with the t = 1 case. We will use the asymptotically conical be- 
havior of the deformed conifold metrics discussed in Section 2. Recall the explicit 
diffeomorphism xi : Qi\{ri = 1} — )• Qo,sm with inverse Ti, and also the estimate 

(3.12) iVljTlg^o,! - 5co,o)l3.„,o < D2,krf'^'^'\ 

for ro S (i?, oo) where i? > is a large number. Let Vi{R) be the compact subset 
of Qi where ri < R. We will specify the choice of R later. It is easy to see that 
the desired neighborhood Um exists for w inside Vi{R). In fact, for w £ Vi{R) we 
can even choose -B^ to be a Euclidean ball of fixed small radius in with the real 
coordinates taken from the real and imaginary parts of the complex coordinates. 
Therefore we focus on Qi\Vi{R). 
For w £ Qi\Vi{R), define 

(t>l,w ■= Ti o (/)o,a;i{«;) : By, -)> Ql\Vi{R) 

for each w E Qi\Vi{R). Here we identify B^ with Bnc^{^). What we do is defining 
the chart around w G Qi\Vi{R) by pushing forward the chart around xi{w) via Ti. 
Property ()3.5p is clear in view of Lemma 12.31 

From the A; = case of (IXT2D and ([321) for the t = case, ([321) holds for t = 1 
for a constant independent oi w £ Qi\Vi[R) when R is large enough. 

We have 
(3.13) 

(t)*!,^ {ri{wr^Agco,ij = ri(ty)^^(/>o,xi(«,) (^Igco,! -9co,o) + (ri(w^)^^(/>o,xi(«,)9co,o) 

The second term in the RHS of (j3.13p is dealt with in a way similar to the t = 
case as follows. By (j3.1ip we can write 

Mw)-H*o,x^m9co,o =ri(u;)-tro(xi(u;))ie2^ {{ds)^ + %gs) 

Lemma 12.31 implies that for R large enough we have 

\ri{w)'^ro{xi{w))^ < A, 



where A is independent of it; G Qi\Vi{R), and from this we obtain, as in the t 
case, 
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(3-14) ||riH 3(/)*^^^(^)5co,olb*(B„,g,) < f^cfc- 

Next we deal with the first term in the RHS of (f3T^ . Note that by (j3J2|) and 
the bound ()3.7p for t = 0, we have, for any w £ Qi\Vi{R) when R is large enough, 

<D'2^k sup (ri(u;)"3ro(y)"^ 



riH (V3,,,o(^*l5co,l -5co,o)) 



Here 17^ is the image of Byj in Qi- Note that from ()3.5p (for the t = 1 case) and 
Lemma [23] one can deduce that 

4 . X 2 



ri('u;) 3ro(y) s < 1 



for w £ Qi\Vi{R) and for any y G xi{Uu]) if -R is large enough. 

Lemma 3.4. For eac/i k > there is a constant Ci^k > independent of w £ 
Qi\^i(-R) such that 



j=0 



< Ci,kJ2\\^o,My^) [^LoJ^i9co,i - gco,o)) lbo(B 



Proof. Recall the expression (|3.11|) for the pullback of gco,o to B^. Using (|3.9p 
and p.lOp . an explicit calculation shows that the Christoffel symbols of the cone 
metric gco,o and their derivatives are bounded in w.r.t. the Euclidean norm by 
constants independent of u; G Qi\Vi{R). The lemma now follows easily. | 

From this lemma we have for k > 1 

(3-16) l|ri(?^)"5(^S,xi(«,)(^l5co,l - 9co,o)\\cHB^,g,) < C2,k 

The required bound (|3.8p for the t = 1 case then follow from (|3.13p . ()3.14p and 



We proceed to consider the case for general t / 0. For each point z = tpt{w) in Qt, 
denote = iptiU^), = B^ and define (j)t,;, = '4>t° 4>i,w Then {{U^,4)t^z)\z £ Qt] 
is a coordinate system on Qt and one can check that 

(3-17) < 4>Xzgco,t < CoQe 

over and 

(3-18) \Wt,z9co,t\\c*'(B^,g^) < Ck- 

for the same constants Ck appearing in the t = 1 case. 
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Finally, we prove (j3.6p . In the t = case, for y E Ux we have ro = ro(x)e3'^, 
s G {—p,p), for values of tq, and ()3.6p follows immediately. 

For the t = 1 case, recall the expression (I2.7P of ri as a function of tq. If a point 

y £ Uw C Qi has coordinates (p, s) G -B«;, then ri(y) = ri(s) = ri ^ro(xi(i(;))e2**^ . 

From straight forward computation we can see that there exist constants i?^, m > 1, 
independent of w G Qi such that |^55rri(-s)| < i?'^ri(s). This implies (j3.6p for the 
t = 1 case. The general case follows easily from a rescaling argument. 
The proof of Proposition 13.31 is now complete. | 

It's not hard to deduce the following: 
Corollary 3.5. For any fixed (3 £ M\{0}, there are constants R'^ > 0, m > 1, such 
that iV^^^r^^lg^^ , < iJ^^r^ ^ on Qt for any t. 

The above proposition and the uniform geometry of IJt "'^([l] together imply 
Proposition 3.6. Theorem \3.S\ is true if gt is replaced by gt. 



What we have now are charts Bz endowed with some Euclidean coordinates 
(yi, ye)- In the following we introduce holomorphic coordinates {wi,W2,W3) on 
(with possibly a smaller common radius) so each B^ can be regarded as a copy of the 
ball B in Section 2. From the construction above for z G Xt\Vt{R\t\ 2 , |) we can sim- 
ply take Wi = yi + V— l?/i+3 for i = 1,2, 3. For z G Vt{R\t\2 , |), by our construction 
it is actually enough to consider z £ Qi where ri{z) > R. Moreover, by the homo- 

geneity property of Qi it is enough to consider z = (v— Iv/ ^^,0, 0, 



r2+l 



) GQl 



The coordinates of each point {zi, ...,Z4) G Qi near z satisfy 

Z = M1Z0M2 



where 




Ml 



cos(0i + 5)eV^('^+'^i) _ sin{9i + E)e-V^(^-<l'i) 



sm(6i + 



-i(V-</.i) 



cos(6'i + f )e- 



and 



Mo 



cos(6l2 + f )e-' 
-sin(02 + f)e- 



-l<f>2 



sm(fc'2 



-102 



COS (6^2 + f )e' 



for {6i,92,(j)i,(j)2,''P, s) G Bz, viewed as the ball of radius < p ^ 1 in centered 
at 0. Here ri(s) = ri (^rQ{xi{z))e2^^ as before, and {61,62, (pi, 4>2,ip) form a local 
coordinate system on S. Explicitly, we have {yi,...,yQ) = {6i,62,(l)i,4>2-,'4'-, s). 



19 



Near the point z = (zi,...,Z4) = (\/— T 



,0,0, 



G Qi we can let 

(21,2:2, 2:3) be local holomorphic coordinates. Using the above explicit expressions, 
we can show that, for some /? > small enough independent of 2, on the ball 
Bz the rescaled holomorphic coordinates {wi,W2-,wz) := ri(2)~-'^(2i, 22, 23) satisfy 
the following property that there exist constants > and A^^^ > for k > 1 
and / > independent of 2 such that as functions in coordinates {xi,...^xq) on 



where Wi 



Xi + 



-Ix. 



j+3) 



1,2,3, the partial derivatives 



...dxi 



and 



a' 



dxi-^...dxi^ \dyj^...dy. 



Qk 



satisfy 



gk 



dxi^ . ..dxi^ 



< Ah and 



Qk 



dxi,...dxi^ \dyj^...dyj^ 



< Ak,i 



for A; > 1 and / > 0. Moreover, there is a constant Aq > independent of 2 such 
that 

1 d{yi,...,ye) 
Ao d[xi,...,XG) 

on Bz- 

These properties are not affected if we make a shift in the coordinates (xi, ...,xq), 
and we do so to have B^ centered at the origin of = C^. We can easily see from 
the above properties that for some possibly smaller choice of p > 0, the version 
of Theorem 13.11 with gt replaced by gt holds on each B^ endowed with the coordi- 
nates {wi,W2,W3) and with Ve now understood as the Euclidean derivative w.r.t. 
{wi,W2,ws). This is what we'll always have in mind from now on when we work in 
the charts B^, and in all our later calculations on B^ the coordinates (t(;i, ^2, 1^3) 
will always be understood as the choice of holomorphic coordinates introduced here 
unless stated otherwise. 



Remark For simplicity, in the following we will identify Bz with its image Uz under 
(j)t^z- In particular, Bz can also be regarded as a subset of Xt if 2 G Xt, and the 
pullback sign cpt z will be omitted without causing confusion. 

We proceed to prove the original version of Theorem 13.11 Recall that the Her- 
mitian form Cot of the balanced metric gt on Xt satisfies (D^ = LOt + Ot + 6t where 
9t = dd*d*^t for some (2,3)-form 74 satisfying the equations Et{^t) = —d^t ™d 
d"ft = 0, where 

Et = ddd*d* + d*dd*d + d*d 

1 3 

and the *-operators are with respect to the metric gt- Moreover, d^t' supported 
on Xt[l] and there is a constant C > such that 

(3.19) \d^l'%k < C\t\. 
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For an arbitrary Hermitian metric g with Hermitian form w, in a complex coor- 
dinate system (wi,W2,W3) we have 



2 

1<«J<3 



Write 



a;2 = 

2 



- Gqdwi A (iwi A ... A d^Wj A ... A A ... A dw^^ A (iifa, 



then each gfj is a polynomial in the Gjj's and det(Gjj) 2. With this elementary 
fact in mind Theorem 13.11 follows from its version for gt and 

Proposition 3.7. For given k > 0, there is a constant C > which may depend 
on k such that 

\\rt{z)-^9t\\ck^B^^g.) < C\t\^ 

for any z £ Xt when t ^ sufficiently small. Here B'^ C is the hall centered at 
with radius ^. 

Proof. It is enough to prove for z G Vt{\). Let Ag = dd* + d*d be the d- 
Laplacian w.r.t. gt- Over the region Vt{i) where gt is just the CO-metric gco,t, we 
have ^gOt = since 

d*et = d*dd*d*-it = dd*d*d*-it = 

and 

(3.20) BOt = ddd*d*-ft = -Eti^t) = d^]^^ = 0. 

The second equality of the second line follows because d'^t = 0. 
The operator 

r|Ag :r(Xt, 1^2,2) ^P(^^^j^2,2) 

is elliptic. In general, given a {p, (7)-form V' = S jSqdwai A ... A dwis^, Kodaira's 
Bochner formula says 



p q 

1=1 k=l a,l3 
<? 

k=l 13 
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Applying this to ip = Ot = Yl ^aia2/3i/32^'"^"i ^ ^""^02 ^ dwp^ A divp^ and using ()3.20p . 
we have 

(3.21) 

+ Xl^** {^0i^^aia2002 + ^/32^^aia2/3l/3) = 0. 

The first term above can be written as 



(3.22) 



a,/3 

=rf/"^^^aia2^i^2 + remaining terms, 



where the remaining terms involve derivatives of ^a^aj/Sife °^ order 1 or less, with 
coefficients bounded as in Proposition 12.131 for constants independent of z and 

4 

t 0. Note that the products of r^^ and the curvature terms in ()3.2ip are bounded 

4 

similarly. Therefore, 6t is the zero of the elliptic operator r^^Ag whose coefficients 
are bounded as in Proposition 12. 131 for constants A^ independent of z and t 7^ 0. We 
use the Hermitian metric on fi^'^ induced by ge- Then there are constants Cp^^ > 
such that 

for z G Vt(|) (so Bz C Vt{j) for p small enough, which we assume is the case). Each 
Cp^k is independent of z and t since we use the Euclidean metric in each chart. By 
the usual Sobolev Theorem over the Euclidean ball {Bz,ge), for p large enough one 
can get 

for some constants ^ > independent of z and t. Therefore, 
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(3.23) l|rt(^)~5^t||c^-(B.,,.) < C;,Vole(i?.)2 sup \rtiz)'^et\g^. 

Bz 

From (I2.13P one sees easily that 
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for t ^ sufficiently small, and by Proposition 13.31 this implies 

(3.24) \rt{zrlet\l<C\t\l 

for t 7^ sufficiently small. Now (j3.23p and (j3.24p complete the proof. | 

In later section we will need the following result on the sup norm of 6t'- 
Proposition 3.8. There is a constant C > independent oft such that 

\et\g,<Cvf^ -It]. 

Consequently, there is a constant C > such that 

- u;^X < Crf' ■ \t\. 

Proof. Again, it is enough to consider over for z G ^(|)- A similar discussion 
as in Proposition 13.71 shows that for each z G ^(|) we have 



(3.25) 



B'^ \J Bz 

^c"(/^j.|..ij.,-w,)^c"^^^i..i^r'^^.)' 



It is proved in Lemma 17 of [13] that 
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^ et\i,v,^dVt<c {\^t\t, + m^X^)dVt 

Vt(\) Jxtil] 

for some constant C > independent of t. In view of (|3.19p . to prove the proposition 
it is enough to show 

/ \lt\ldVt<C\t\^ 

JXt 

for some constant C > independent of t. Suppose that there is a sequence {ti\ 
converging to such that 

/ iTt pc?^*- = — )• oo when i — )• oo. 

where ai > 0. Define 7t. = \ti\~^a~^jtt then 

/ \%\^dVu = 1 and Et^{%) = -\t,r'ar^d^lf. 

Thus there exists a smooth (2,3)-form 70 on Xo,sm such that £'0(70) = and 74^ — )• 70 
pointwise. Then one can prove that 

|7op(iVo = 1 but 7o = 0. 

Xi)^sm 

as in [T3] in exactly the same way, only noticing that in several places we use the 
fact that \ti\-^a-'^\d^]'^\'^ as i — )• 00. This completes the proof. | 
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4. HYM METRICS ON THE VECTOR BUNDLE OVER Xq 

Let £ be an irreducible holomorphic vector bundle over the Kahler Calabi-Yau 
threefold {X,uj) as before. Our assumption on £ is that it is trivial over a neigh- 
borhood of the exceptional curves Cj's. By a rescaling of the metric cio, we may 
assume that £ is trivial over U{1) G X. As mentioned in Section 2, over X there 
is a 1-parameter family of balanced metrics LOa, < a <C 1, constructed as in |14j . 
Since for each a ^ the (2,2)-forms and u"^ differ by smooth 59-exact forms, the 
bundle £ is stable with respect to all uja if it is so with respect to uj. Assume that 
this is the case. Then by the result of |24], there exists a HYM metric Ha on £ with 
respect to coa- 

In this section, H will be a metric such that H = I with respect to some a 
constant frame over U{1) where £ is trivial. By a constant frame we mean the 
following: under an isomorphism <£'|{/(i) — O^^^-^y a holomorphic section of £ over 
U{1) can be viewed as a holomorphic vector- valued function on U{1). Then a 
constant frame {si,...,Sr} is a set of such functions which are (pointwise) linearly 
independent and each member Si is a constant (vector-valued) function. A constant 
frame is in particular a holomorphic frame. 

The metric H will serve as the reference metric. The constants appearing in 
this section may depend on H. We will also often use implicitly the identification 

^\ U — Xo,sm- 

4.1. Proof of the first main theorem. The goal of this subsection is to prove 
the following theorem on the existence of a HYM metric with respect to loq over 
£\xos7n- The techniques we use are largely based on [9] [10] [11] [3l] [30] . 

Theorem 4.1. There is a smooth Hermitian metric Hq on £\xosm. which is HYM 
with respect to (jJq such that there is a decreasing sequence {aj}^-^ converging to for 
which a sequence {Ha^} of HYM metrics (w.r.t. Coai, respectively) converge weakly 
to Hq in the L 2- sense for all p on each compactly embedded open subset of Xq ^^yi. 

Proof. We begin with a boundedness result on the determinants of ha ■= HaH^^. 

Lemma 4.2. After a rescaling Ha by positive constants we can assume that det/ia 
are bounded from above and below by positive constants independent of < a <^1. 

Proof. Let (pa be the unique smooth function on X satisfying 

Aa(^a = -^^^^tr A^^F^ 
and Jj^ ^adVa = where dVa is the volume form of ga- 

Claim The sup norm of Lpa is bounded by a constant independent of < a ^ 1. 

Proof. First note that since A^^F^ = on U{1), (fa is harmonic over U{1) and 
so we have by the maximum principle sup(7(;^) IVa| < supj^^^jsj \(pa\- 
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Since oja is a balanced metric the Laplacian Aq coincides (up to a constant mul- 
tiple) with the negative of the Laplace-Beltrami operator its associated Riemann- 
ian metric (see for example |17)). We thus have the Greens formula [3]: for each 
X G -^^^olf]) 0<a<Cl, ;|<5<^, and smooth function / on X, 



(4.1) f{x)= Ta,5{x,y)f{y)dSa{y)+ Ga,5{x,y)Aaf{y) dVa{y) 

JdXo[5] JyeXo[5] 

where Ga,5ix,y) < is the Green's function for over the region -'^o['^]) and Ta,5 
is the boundary normal derivative of Ga,s{x,y) with respect to y. Moreover, dSa is 
the volume form on 5Xo[5] with respect to the metric induced from ga- 

We apply the above formula to f = ipa- Since the family of metrics {wajO < a ^ 
1} are uniform over ^oij] there is a constant Kq such that for any < a ^ 1, 
\<S<\,yedX^[5\ andxGXo[|], 

\Ta,5{x,y)\ < Kq. 

For the same reason there is a constant Ki > such that 

Ga,5{x,y)dVaiy)<Ki 



ly&Xo[S] 

for any x £ Xo[f], I <S and < a <C 1. 

Because A^^F^ = over U{1), l^trAi^F^I is bounded by a constant K2 > 
independent of a. Therefore we have 

\Ga,s{x,y)Aa(fa\ < -Ga,5 (x, y) | ^tr A^^F^] < -K2 ■Ga,5{x,y). 

We can conclude from the above bounds that 

\(Pa{x)\ <Ko \ipa\dSa- K2 ■ Ga^si^ , y)dVa{y) 

2) JdXolS] JyeXolS] 



<Ko / \ipa\dSa+KiK2. 
JdXo[S\ 

Integrate ()4.2p with respect to 5 from t to i and use once again the uniformity 



in the metrics over Xo[-l we obtain 



2 



\J Xo[\]\Xo[\] J 



(4.3) 

<KiK'^ ( / \^a\'dVa ] +AK1K2 



1 

1 / /■ „ \ 2 



X 



for each x G ^o[f]- Here is a comment upper bound for the volumes of X 
w.r.t. cja- Now, to prove the claim, we have to show that Iv'apc^Ki is bounded 
by a constant independent of < a ^ 1. For this we use the estimates on the 
first eigenvalue of Laplacians due to Yau [l3] which implies that for a compact 
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Riemannian manifold {X,g) of dimension n, if (i) diagg(X) < Di, (ii) Yolg{X) > D2 
and (iii) Ric{g) > {n — 1)K hold, then the number 

is bounded below by a constant depending only on Di, 1)2 and i^. Here denotes 
the Laplace-Beltrami operator of g. 

For the family of metrics {cja} on X, it is easy to see that the diameters and 
volumes are bounded as in (i) and (ii) by the same constants Di and D2. Note that 
in a neighborhood of the exceptional curves each member ga is Ricci-flat, and so by 
the uniformity outside that neighborhood, condition (iii) holds for a common value 
oiK. 

Therefore, there is a constant > such that 

/ Ifal'^dVa < [ \ipa\\Aa(pa\dVa = [ \ipa\\-tr Acj^Fj^\dVa 

Jx Jx Jx T 



and hence 



1 



X 



This completes the proof of the claim. | 

Define Ha '■= e^°^H. Then it follows from the claim that to prove the lemma, it 
is enough to show that the determinants oi ha := HaHa^ have common positive 
upper and lower bounds. 

To do so first note that we have tiA^j^Fj^ = 0. Then the proof of Proposition 

2.1 in [IQ] shows that this and the fact that A^^F//^ = imply det ha is constant for 
each a. After a rescaling of Ha by a positive constant, we can assume det ha = 1, 
and the proof of Lemma 14.21 is complete. | 

From now on we assume that the rescaling in the above lemma is done. We next 
show a result on the C^-bound for trha- 

Proposition 4.3. Assume that the integrals fj^ \ log tr ha\'^ dVa have a common up- 
per bound for < a <^ 1. Then there is a constant Co > such that for any 
< a < 1, 

-Co < logtrha < Cq. 
Proof. First of all, we have the following inequality whose proof can be found in 



Lemma 4.4. Let Hq and Hi be two Hermitian metrics on a holomorphic vector 
bundle E over a Hermitian manifold {X,uj), and define h = HiHq^ . Then 

(4.4) A^logir/i > -(|A^Fho|ho + \AujFhM- 
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By Lemma 14.41 we have the inequahty 

(4.5) A,logtr(/iJ > -i\A^^FHjH + l^^aF^Hln) = -l^^aFnln 
where the equahty follows since Ha is HYM with respect to uja- 

Over U{^) we have Aalogtr ha > —\Ai;j^F^\^ = and so by Maximum Principle 
we have 

suplogtr/ia < sup logtr/ia < sup logtr/ifl. 

uil) du(l) Xo[|] 

Using the Green's formula (|4.2p . we can show as in Lemma 14.21 that 

(4.6) sup logtr/ia < K' 

for some K' > independent of < a <C 1 assuming that the integrals / ^ | log tr /i^p dVa 
have a common upper bound. We thus have a commen upper bound for sup^ log tr ha- 
Together with the fact that the determinants of ha are bounded from above and 
below by positive constants independent of < a ^ 1, this upper bound also implies 
a common lower bound for logtr/i^ over X. The proof is completed. | 

Therefore, to get C*^-estimate we prove 

Proposition 4.5. There is a constant Cq > such that 

[ \logtrha\^dVa<C'o 

Jx 

for any < a <^ 1- 

Proof. The idea is basically the same as in the proof of Proposition 4.1 in [40j. 
Assume the contrary. Then there is a sequence {ofcjfcLi converging to such that 
limfc_>oo fx I logtr dVa,. = oo. Denote h{k) = ha^., and define pk = e~^^^ where 
Mk is the largest eigenvalue of \ogh{k). Then pkh{k) < I. 
The following inequality is proved in Lemma 4.1 of [40j : 

Lemma 4.6. Suppose 

KFH + Kj{{dHh)h-^) = Q 
holds for a Hermitian metric H on a vector bundle E over a Hermitian manifold 
{X,uj) and h £ T[End{E)). Then for < o" < 1, we have the inequality 

\h-^dHh''\lq- -^u\h''\H < -{A^FH,h'')H- 

In our case, because A^^F^ + Acj^d{{d fjha)h~'^) = A^^Fh^ = 0, apply the above 
lemma to cr = 1, we see immediately that 

(4.7) -Aalhalfj < \A^^Ffj\^\ha\H < Kj\ha\H 

where K^ is a common upper bound for lA^^^F^I^. 

Note that \ha\fi is subharmonic in ?7(|) because of the first inequality in ()4.7p 
and the fact that Acj^F^ = there. Maximum Principle then implies that 

sup \ha\fy < sup \ha\fj- 
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From this observation and an iteration argument over Xo[|] on (j4.7p . we can 
deduce that 




for any k > 0. 

As in page S275 of [40J, one can show that 

/ iVfjiPkhiml dK, <4max|A^„^F^|^.VoL,(l) <4K7i^5 

where is as in the proof of Lemma 14.21 

Thus we see that the L^-norms of Pkh{k) with respect to cDa^. are bounded by a 
constant independent of k. Because the sequence of metrics {<^ak} uniformly 
bounded only on each compactly embedded open subset in Xq ^yiu a subsequence of 
the sequence {pkh{k)} converges strongly on each subset of this kind. After taking 
a sequence {Ui CC X}i of exhausting increasing subsets and use the diagonal argu- 
ment, we obtain a subsequence {pkih{ki)}i>i of {pkh{k)}k>i and an If-symmetric 
endomorphism hoo of £ which is the limit of {pkihki\ui}i>i in L'^ {Ui, Fjnd{£)) for all 
I. From (j4.8p one immediately sees that hoo is nontrivial. 

Define hi = pk^h{ki). The same argument shows that converges weakly in the 
L\ sense on each Ui to some /i^. The uniform bound on the L^-norm of gives the 
same bound on /i^ for all a. It follows that / — /i^ has a weak limit in L\ sense on 
each Ui for some subsequence cr — )• 0. We call the limit vr. Similar to ^40j except that 
we consider integrals over each [/;, we can show that vr gives a weakly holomorphic 
subbundle of £. More precisely [27j, there is a coherent subsheaf F oi £ and an ana- 
lytic subset S <Z X (containing the exceptional curves) such that S has codimension 
greater than 1 in X, the restriction of vr to X\S is smooth and satisfies 7r*w = tj- = vr^ 
and (/ — 7r)97r = 0, and finally, the restriction F' := F\ j^^^^ = 7r| x\^g{£\ ^^5) ^ £ 
a holomorphic subbundle. The rank of F satisfies < rankJ^ < rankiS. 

Following the argument in [22j p. 181-182 (see also Proposition 3.4.9 of [27|), we 
have 

/^o := lim — T~F / ci{det F , u) A luq = lim — ci{F' , Hi) A ujI- 
5^0 rankJ^ Jx^iS] ^^'^ rankF Jxo[S] 

Here u is some smooth Hermitian metric on the holomorphic line bundle det F over 
X, and Hi is the Hermitian metric on the bundle F' induced by the metric H on 
£. Using the above construction of vr by convergence on the [//'s one can show by a 
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slight modification of ttie arguments in [30] that 



hm / ci{F\ Hi) A > 0. 



IXo[S\ 

Claim For < a < 1, > 0. 

Proof. It is enough to show ^J-cbai-^) — /^o- From the construction of ujq in [14j, 
we have 

CjI = ^ + 

where ^' is a (2,2)-form supported outside U{1) and <I>o is a 93-exact (2,2)-form 
which is defined only on X\ U Cj, is supported in U{^)\ U Ci, and equals WcoO — 

Q — 4 — 4 

|v — l(99r3 A \/—lddr3 on U{\)\ U Cj. The same construction gives Coa such that 

QjI = ^ + ^^ 

where $a is a smooth 99-exact (2,2)-form supported in which equals w^oa on 
C/(l). 

Denote the smooth (l,l)-form ci (det li) on X by ci and rankJ^ by s. From the 
above descriptions we have 

^^CoS^) - ^0 = lim - / ci A {ujI - ujI) = hm - / ci A - ^o) 

= - [ ci A <I>a - lim - /" ci A $0 = - lim - / ci A <I>o 

S Jx <5^0 S JxolS] -5-^0 S Jxo[5] 

where the last equality follows from the fact that, as smooth forms on X, ci is closed 
and is exact. One can write ci A <I>o = d{ci A where ? is a 3-form supported on 
[/(|)\ U Ci which equals |(5r3 - Bra) A ddra on C/(l)\ U Cj. By Stokes' Theorem, 
we have 

If 91 f 4-4-4 

(4.9) — lim - / ci A <i>o = — lim — / ci A (dr^ — dr^) A ddrs. 

^-^osJx.is] s^o8sJqxo[5] 

An explicit calculation on coordinate charts can then show that the last limit is 
zero. ■ 

Since ^cdai^) ~ 0' S^^ from this claim a contradiction to the assumption that 
£ is stable with respect to Coa and complete the proof of Proposition 14.51 | 

We continue with the proof of Theorem 14.11 Using H and ga one can define 
-norms for ha- The next step is to give an L|-boundedness. 

Proposition 4.7. The L\-norm of ha over X is bounded by some constant C2 
independent 0/ < a ^ 1 . 

Proof. The C'^-boundedness obtained above and the common upper bound in 
Vola(^) imply that the L? norm of ha is bounded above by a constant independent 
of a. 
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Choose a finite number of Hermitian metrics H^'^^ for 1 < u < k on £ which 
are constant in some holomorphic frame £\u(i) — over U{1), such that for any 
smooth Hermitian metric K on £ the entries of the Hermitian matrix representing 
K are hnear functions of tr{K{H^'^^)~^), 1 < i' < k, whose coefficients are constants 
depending only on H^'^K Denote h'^^ = Ha{H^^^)~^ . It is therefore enough to bound 
the integrals 

i\divh^:MdVa 

Jx 

for 1 < V < k. 

From Lemma 14.41 and the fact that Ha is HYM w.r.t. uja, we have 

(4.10) A.logtr/ii'^) > - (IA^^F^mIhM 
from which we have the inequality 

(4.11) - A„tr/i(-) < |A^„F^(.)|^Mtr/iH < i^gtr/ii^) 

for some constant K<j > 0. Here the last inequality follows from the fact that F^(u) 
is supported on X\U{1), where the Coa are uniform. 

Multiplying tr h^a^ on both sides of the inequality (14. lip and using integration by 
parts, we get 



X 



\dtTh<^:^\ldVa<Kg [ \tThi'^\''dVa. 

Jx 



Finally, write hi"'^ = haH{H^'''^)~^ , and we see that the result follows from the 
uniform C° bound of ha- | 

Using the diagonal argument, the uniform boundedness of the L^-norm of ha over 
X implies that there is a sequence {aj}j>i converging to and an /^-symmetric 
endomorphism /iq of £ which is the limit of {hai\ui}i>i in L'^ {Ui, Fjnd{£)) for all /. 

As in ^ and [34j) we can then prove that the sequence {/iai}j>i converges in the 
C'^-sense to ho on each Ui. Next we argue that there is a uniform C^-bound for 
{hai}i>i over X. We need the following lemma, whose proof will be given later. 

Lemma 4.8. Let V be a Kahler manifold endowed with a Ricci-flat K'dhler metric 
g, and let H he a HYM metric on a trivial holomorphic J- bundle over V w.r.t. g. 
Fixed a trivialization of T and view H as a matrix-valued function on V . Then 

-Ag\dHH'%^g<0. 

We apply this lemma to the the restriction of £ to U{1) under a trivialization 
in which H = I. Also let H = Ha- and g the restriction of to U{1), where it 
coincides with the CO-metric on resolved conifold. Then we have 

-Aa]dHa.Ha^\jr ^ <0 

and hence, by the Maximum Principle, 

sup \dHa^H-%^ ^^ < sup \dHa^H-%^ ^^ 
U{1) dU{l) 
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Using the uniform C*^-boundedness of Ha and the fact that H = I, the above 
inequahty impUes 

sup|9^/iaj^^ <Kio sup \dj^ha,\ji -^ . 
U{1) ^ ' dU{l) ^ ' 

Therefore, it ia enough to bound the maximum of Idj^ha^ lfy ~ over Xo[|]. Let 

Xi G XqI'^] be a sequence of points such that 

rui := sup \dfyha^\fj~ = \dfyha^\fj . (xi). 

Assume rrii is unbounded. If {xj} has a converging subsequence with hmit in 
the interior of ^o[|], then one can argue as in [9] and [M! and get a contradiction. 
Thus it is enough to get a uniform bound near dXol^]. For this we use Lemma 
14.81 and an iteration argument to conclude that sup^j^^jii \dfjhai\fj ^ is bounded 

by the L^-integral of \drrhai\fy g in a neighborhood of 9Xo[i], say Vo(i, |). This 

jya^ ^^^^ 

last integral is uniformly bounded by Proposition 14.71 Thus if {xj} has a limit on 
9Xo[^], rrii is bounded, which contradicts to the assumption. We therefore prove 
uniform C^-boundedness for {ha-}i>i. 

One can then obtain from this uniform C^-bound a uniform Lg-bound for {/iq- }j>i 
over each Ui as in [9] and [3l]. Then after taking a subsequence, we may assume 
that /iq- converges to ho weakly in the L2 sense for all p over each Ui. This implies 
^0)0 Fho = where Hq = h^H. By standard elliptic regularity Hq is smooth. 

The proof of Theorem 14.11 is now complete. | 

Remark From Lemma 14.21 and Proposition 14.31 it is easy to see that the largest 
eigenvalue of is bounded from above over Xo^sm, and lower eigenvalues of is 
bounded from below over X^^sm- In particular, the C'^-norm of /iq is bounded over 

XQ^sm- 

Proof of Lemma 

The HYM equation takes the form 

V^Agd{dHH-^) = 0. 

In local coordinates this is just 



dzj \dzi J 



In the following we denote di = and (9j = Taking partial derivatives on 
both sides of the above equation, we get 



-1^ 



(4.12) -<7'P"5fc9pg5'''>J {diHH-^) + g'^dj {{dkdiH)H-^ - diHR-^dkHH 
One can compute that 

{dkdiH)H-^ - diHH-^dkHH-^ 
=di {dkHH~^) + dkHH-^mH-^ - d^HH-^dkHH-^ = {dH)i [dkHR-^] 
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Note also that g^^-§f^ is the Christoffel symbol F^,^ of g. Therefore (j4.12p becomes 

(4.13) - n^g^'^d- {diHH-^) + g'^^■{^H)^ {dkHH-') = 0. 

Now, in local charts, 

(4.14) 

- Ag\dHH-%^g = -V^Agdd\dHH-%^g 



,g n,g\" n * \-** — ; " y • tl,g ' ' • tl,g\ 

Here : r(y,End(J") ®9> ® Q^) ^ r(F,End(J") ® J7^) is the contraction of 
the 2-form part with the Kahler form of g. The operator ^^^g A V^^^ is the 
composition 

r(y, End(-F) ® r(y, End(-F) 1^°'^) 

r(y, End(j^) ® 17^'°) A r(y, End(-F) ® ® n^'^) 

where the last map is the natural anti-symmetrization. The operator V^"*^^ A ^^^g 
is analogously defined. 

Write A = dHH~^ = A^dzk so ^ H,g = ^ A,g- Explicitly, we have 

(4.15) 

^KgV'^^vf(^HH-^) 



,g ^,9^ 

= - 2{g'^dA)idjAk)dzk + 2g'i\d-^Ai)Ti^dzu = 2{-g'^^ d-j[dA)iAk + g''\d-^Ai)Ti^)dzu 
where we use the fact that 

g'^{dA)idjAk = g''^dj{dA)iAk + [g^^ {FA)f^, A,,] = g^^-^{^A)^Ak 
because d + A\s HYM connection. Now ()4.13p and (|4.15p together implies that 
(4.16) ^^g'^tg ^ "^tgidHR-^) = 0. 

Next we compute \/^AgV^^^ A V]fg{dHH-^). We have 
(4.17) 

V^^g^H^g A V]fjdHH-^) = 2 (^g'^d^{dA)iAk)dzk - {d-^A^)g'^~^rigdzk - Ag^^ d-^Vlgdzk 
Note that 

-d-jVlg = -d-jig'Pdkgpq) = -g'^djdkgpq + g''g^^djgstdkgpq 
is the full curvature tensor ,-. of q. From the Bianchi identity and the fact that q 

gkj ^ J ;3 

is Ricci flat, we have 

(4.18) - g^^Tl^ = g'l^ir^,. = g'^^ R.p.-^g'^ = g'^^Rqjkpg'^ = Rkpg'^ = 0. 
From (|I?T3|) and ([iTTS]) we then have 

(4.19) V^^g'^Vq A V]f(dHH-^) = 0. 



',9 ■ ' u,g^ 

The result now follows from (gTUD, (fiT6]) and (jiT9]) . 
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4.2. Boundedness results for Hq. We will now establish some boundedness re- 
sults for Hq. The following C^-boundedness for /iq follows easily from the uniform 
C^-bound of the sequence {/iai}i>i which converges to Hq. 

Proposition 4.9. There is a constant C[ > such that h^qI^ < C[ on Xo^sm- 

Higher order bounds for Hq will be described in the uniform coordinate system 
{iBz,(l)o,z)\z G Xo^sm} from Section 3. 

Proposition 4.10. There are constants > for k > such that in the above 
coordinate system, 



for each z G Xq^. 



Proof. It is enough to focus on Vo,sm(l)) where £ is the trivial bundle. Moreover, 
by gauge invariance of the norm, it is enough to work under a holomorphic frame 
in which H = I. With this understood, Hq is just Hq. 

The result for the k = cases is Proposition 14.31 For the k = 1 case, note that 
by Proposition 14.91 we have locally 

V^o dw, dw, ) < ^^'> ■ 
Here * is w.r.t. /, and in this case Hq = Hq. Therefore, because the norm 

4 

ro(-z)~^5o < Code where ge is the Euclidean metric in {wi,W2,ws), we have 
(4.20) 

for some constant Ku independent of z. This is the desired result for k = 1. 

For the k > 2 case, note that the metric Hq is HYM, so in each coordinate chart 
Bz it satisfies the equation 

By the = 0, 1 cases and Proposition 14.91 the right hand side of (j4.2ip is bounded 
by some constant independent of z G Vo,sm(l)- Moreover, there is a constant A > 
independent of z G Vb,sm(l) such that 

(4.22) ^^{z)%{gQfi,l,>\\if 

over any Bz- Therefore, by p. 15 of [2^, the bounds in ()4.20p and (|4.22p together 

4 

with the estimates on the higher derivatives of ro(-z)~3^Q from (|3.4p imply that 

Hq 1 1 < }^^ 2 

where B'^ C Bz is the ball of radius ^ and K\2 is a constant independent oi z. It is 
not hard to improve this to 



Hn 1 1 < }^^ Q 
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by considering the estimates over By for y £ Bz\B'^. What is important is that this 
(Bz, ge) bound of Hq imphes that the right hand side of ()4.2ip is bounded in 
the sense, and so by elhptic regularity we get 

which can be improved to Bz as before. Using bootstrap arguments, we can obtain, 
for any k > 1, a constant independent of z G Vo,sm(l) such that 

ll-f^o|lc'=(B^,ge) < ^'k- 

Here the derivatives is w.r.t. the Euchdean derivatives. However, these are also the 
derivatives w.r.t. Qe and H since H = I here. | 

Let a be a number such that < a < ^. We will specify the choice of a later. If 
we restrict ourselves to the region VQ{\R\t\'^,m\t\'^), where the bundle £ is trivial, 
we have the following result which we will need in the next section. 

Proposition 4.11. For every small t and Wt G Vo(^i?|t|°, 3i?|t|°), we have 

where D > is a constant independent oft and z G Vo(^i?|t|", 3i?|t|"). Here Ho{wt) 
is viewed as a constant metric on £\vo(iR\t\'^ 3_R|t|") — 

Proof. We work in a holomorphic frame over Vo(^-R|f|°, 3i?|t|°) under which 
H = I, so Ho^wt) is constant a matrix. Because of the bound in the remark before 
the proof of Lemma 14.81 it is enough to show that 

\\Ho-Ho{wt)\\c2iB.,g.)<D\t\h 

for some constant D. 

Since l"^ hHq\^ < C[ for some constant C[ and there is a constant Ki^ > 

such that distgg{z,wt) < Ki5|t|3° for any small t and z G Vo(|-R|t|°, 3-R|t|"), by the 
mean value theorem we have \Ho - Ho{wt)\ < i^ielil^" on Vo{^R\t\'^ ,3R\t\'^). For 
each z G Vo(^i?|t|", 3i?|t|") in each coordinate chart Bz we have 







(4.23) Mmk^' ' — - =M.)Hi„r^H„ g^^. 

Notice that equation (|4.20p actually implies that the right hand side of equation 

4 4 

(OS]) is bounded by (C()^Coro(z) s , which is less than Kn\t\3°' for some constant 
Kn > 0. Therefore, in view of (j3.4p . by elliptic regularity there is a constant i^ig 
independent of t and z G Vo(^i?|t|", 3-R|t|") such that 

|ifo-^oK)IUa, 



<KiJ\\RHSofl^\\ 
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As in the proof of Proposition 14. 10] this final estimate can be improved to \\Hq — 

2 

Ho{wt)\\ 1 1 < -fCi9|t|3", and we use elhptic regularity once again to get the 

desired bound. | 



5. The approximate Hermitian metrics on £t over Xt 

5.1. Construction of approximate metrics. In this subsection we construct ap- 
proximate Hermitian metrics on £f We will compare the estimates on the bundles 
£t, each over a different manifold Xf. For this we first recall the smooth family 
of diffeomorphisms xt : Qt\{rt = \t\2} — )• Qo,sm from Section 2. Recall also the 
fixed large number R ^ 1 from Section 3 (after (j3.12p ). For t small, restricting to 

Vt(^i?|t| 2 , 1) we get a smooth family of injective maps 

xt:Vti^R\t\'2,l)^Vo{\R\t\-2,l). 
We can extend these to a smooth family of injective maps, still denoted by xt: 

Xt : Xt[^R\t\'^] ^ Xo[^R\t\-2]. 
Next, choose a smooth family 

of maps between smooth complex vector bundles which commute with xt and are 
diffeomorphic onto the images. 

In addition, we require the following condition on ff. Denote by the 
smoothing of the pair {Xq,tt^:£) mentioned in the introduction. By our assumption 
on £ the restriction of i5 to V := UteAj ^ti^) ^ trivial holomorphic bundle. Fix a 
holomorphic trivialization = Oy inducing the trivialization £\y^^ — (i) 

under which H = I, the r x r identity matrix. With the induced holomorphic triv- 
ialization of £t\vt{i) fo'^ small t, we require the family ft to be such that when 

restricting to Vt(^i?|t| 2 , |), we get a map from the trivial rank r bundle to another 
trivial rank r bundle which is the product of the map on the base and the identity 
map on the fibers. 

Over Xt[^R\t\^] we let H^' = f^Ho, the pullback of the HYM metric Hq from 
Xo[;|i?|t| 2]. Note that our choice of ft over Vf(ii?|t|2 , |) is one such that ft be- 
comes the pullback of vector- valued functions by xt- In particular, the pullback of 
a constant frame of £\xt{Vt{2R\t\<^ ^)) /* again a constant frame of Ivi(2i?|t|'^ 
Therefore, under some constant frame of £t\ , 1 , , the pullback Hf of H can 
be seen as an identity matrix. We can extend this constant frame of £t\vt{2R\t\'^ ^) 
naturally to one over Vt(|), and we then can extend Ht over by taking the 

identity matrix under this constant frame. We then further extend Ht over the 
whole Xt to form a smooth family. We still denote these extensions by Ht, and they 
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will serve as reference metrics on £t. 



From Proposition 14. lOl one can deduce 



Lemma 5.1. There exists a constant Ck such that for any t ^ and z G X4[i?|t| 2] 
we have \\ftho\\ck(^B,,Ht,gt) - 

In view of Theorem 13.11 and Proposition 13.31 we can deduce 

Corollary 5.2. There exists a constant C^' such that for any t over Vt{R\t\^,j), 
we have 

j=0 

For a such that < a < ^ and t small, the image of the restriction of xt 
to Vt{R\t\°',2R\t\°') lies in Vo{^R\t\°',3R\t\°'). For wt as in Proposition EH define 
H[ := f^{Ho{wt)) to be the constant metric on £t\vt(2R\t\'^) (w.r.t. a constant frame). 

Then by Proposition 14.111 we immediately get 

Lemma 5.3. There is a constant D > such that for any t and z S 2i?|t|"), 
we have ^ 

\\HtiH'^)-^ - I\\c2(^B,,Ht,ge) < ^1*1^"- 

Now let ft{s) be a smooth increasing cutoff function on M} such that 

_ , , r I, s> 2R\tr-^ 

Ttis) = \ 1 

^ ' 0, s < R\t\'^-2, 

and such that its l-th derivative f/'^ satisfies \ff^^\ < Ki\t\^^~°'^'' for / > 1 for a 
constant Ki > independent of t. Define Tt = ft{\t\^2rt), which is a cutoff function 
on Xt, and define the approximate Hermitian metric to be 

Ht = {l- Tt)H't + TtH't' = (/ + Tt{H't'{H't)-' - I))H't. 

Remark The metric Ht is just an interpolation between ftHQ and H't = f* {Ho^wt)). 
Because the determinant ft ho is bounded uniformly both from above and below, 
the common C'^-bound of ft ho w.r.t. Ht in Lemma [5.11 implies that the norms | • \Ht 
and I • I are in fact equivalent (uniformly in t) . 

The following estimates for Ht are analogous to those for Hq in Proposition 14.101 
They follow from that proposition with the help of Corollary [331 

Proposition 5.4. There are constants Ck > for k >0 such that 

\\Ht{Ht)~^\\ck^B,^H„g,) < 

for each z £ Xt. 
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5.2. Bounds for the mean curvatures. The fohowing proposition gives the 
bounds for the mean curvatures V~^^Cjt^Ht of the approximate metrics Ht- 

Proposition 5.5. There are constants > and Zk > such that for t small 
enough, we have the following: 

(1) For any z £ Xt and k > 1, 

4 

(5-1) W^'t^^i^HtWck^B^^Huge) ^ ^k, 



(2) 



(5.2) |r|A^,FH,k, < Zomax{|t|§°, \t\^-^"] 

and 

(3) 



^0,-4 



2a | + 



(5.3) WA^^FnAlLfi AXuHu9t) ^ ^fcmax{|t|^°, |t|^-3"}. 



Proof. The first estimates (j5.ip follow from Theorem 13.11 and Proposition [57 
For (|5.2p . first of all we have 



(5.4) A^,Fh, = on VtiR\tn 

because Ht = H[ there and H[ is a flat metric. 
Next consider the annulus 14(i?|t|", 2i?|t|"). Let 

h[ = l + n{H'l{H[r^-l), 

then we have 

A^.i^H. = A^.i^H^ + AuAdH'h'M-^) = A^AdmKiKr'). 

Now, on each local coordinate chart H Vt{R\t\" ,2R\t\"), compute in a frame 
under which is constant, we have 

(5.5) ^ 

rlA,,MdHih'Mr') =rh^,d {{dh[ - dH[{H't)-^h't + h[dH'M)-^) {h[)-^) 



--vjA^M{Kr'dh[{h[)-' + rlA^^ddhmr'- 



To bound the derivatives of h'^ we need to bound the derivatives of r^. The first 

order derivative of Tt can be bounded as 

(5.6) 

iVeTtlg^ < \f'{\t\-^vt)\t\-^VeVt\g^ < 1 1 1 1"" |i | . i^^rt < kiRi\t\-''vt < 2KiRiR 



where (j3.2p is used. The last inequality follows from the fact that the support of 
Vn is contained in Vt{R\t\°' ,2R\t\°'). 
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Similarly, the second order derivative of Tj can be bounded as 

\Vlrt\g^ <|f"(|r ^r,)|tri||Ver,|^^ + |f' (|r ^r,)|tr W^r* 
(5.7) <i^2|tr-'"|tr'r2 + . R^rt 

<k2\t\-^''r1 + KiR2\t\-''rt < 4K2R^ + 2K1R2R 



where (|3.2p is used again and the last inequality follows as in (|5.6p . 
From (j5.6p . ()5.7p and Lemma 15.31 we can obtain the estimates 

\dK\H,,,^=\d{rt{m'{m)-^-i))\^^^^^ 

<2KiRiR ■ D\t\l°' + D\t\h < {2kiRiR + l)D ■\t\^°' 

and 

<{Ak2R^ + 2kiR2R) ■ Z)|t|i" + D\t\i°' + 2 • 2KiRiR ■ L>|t|§" 

<{AK2R^ + 2kiR2R + AkiRiR + 1) • 

4 4 
In local charts, the term A^^ contributes to v'^g^^, which is bounded by Theorem 

13.11 Therefore, from expression ()5.5p we can now conclude that 



on Vt{R\t\°' ,2R\t\°') for some constant Zi > independent of t. 
From the remark before Proposition 15.41 we get 

(5.8) \r}Ac,,FHAH,<Z2\t\h 

on Vt(i?|t|°, 2i?|t|°) for some constant Z2 > independent of t.. 

We now estimate the Lq _4-norm of \/—lAcj^FH^ on Vt{R\t\°', 2R\t\°') with respect 
to gt and Ht. 

\rlA^,FHfHj7'dVt= I r'f\rlA^,FHfHj7'dVt 



Vt{R\t\°' ,2R\t\°') JVt{R\t\",2R\t\°') 
f 

Vt{ii|i|",2iJ|i|«) 



where Z3 > 1 is an upper bound for 2R.\t\'^) dVt for any t 7^ small. Thus 

4 

(5-9) ll^':it^-?^tllLg_„4(V't(i?|t|",2i?Jt|"),3t,Ht) < (2i?) 3^2^31*1 

We proceed to consider the region Vt{2R\t\'^,l). We win first give a pointwise 
estimate on the mean curvature of the Hermitian metric Ht = ftHo. We will use dt 
and dt to emphasize that they are the d- and 9-operators on Xj, respectively. The 
calculation will be done under the specific choices of frames as mentioned before 
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Lemma 15.11 With these choices, we have Ht = I and ftHo can be regarded as 
the puhback by xt of a matrix- valued function representing Hq. Since constant 
frames are holomorphic, the curvature of ffHo can be computed using this puhback 
matrix- valued function which we still denote by ftHo. 

Lemma 5.6. There is a constant Z4 > independent of t such that 



onVt{2R\t\^,l). 

Proof. We expand and get 
(5.10) 

dt{dt{f;Ho){f;Hor') = m{ft*m{f:Hor'+dtift*Ho)Au:Hor'd 



We compute 



(5.11) 



-1 



-1 



dJtdUlHo) = -- 
-dixUodif^Ho))- 
f:{dJod{f;Ho))) 



-1 



dJiftidHo) 



d[iJt-x;Jo)dif:Ho)] 



-1 



d[iJt-xlJo)dif:Ho)] 



-1 



d[{Jt-xUo)rt{dH^ 



Moreover, 



(5.12) 



-IJtd 



2 {f:Ho) = \{i 

-V^x*Jo)f:{dHo)- 



-ut)f:{dH^) 

\jt-xUo)rt{dHo) 



-1 



{Jt-xUo)f:{dHo), 



and similarly 



(5.13) 



BtiflHo) = fUBoHo) + ^{Jt - xUo)ft*{dHo). 



Plug in ([5TT]) . (f02]) and (|5l^ to (l5l^ . we get 
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4(at(/;i?o)(/;^o)-') 

=f:{dodoHo){f:Ho)-' - ^d[{jt - x:jo)fndHo)] ■ utH^r^ 
+ if:doHo){f:Hor' a {f:doHo)U7Ho)-' 

+ ^(/;aoifo)(/i*i?o)-^ A U - xUo)fndHo)MHo)-' 

- - xUo)ft*{dHo)MHo)-' A {f:doHo){f:Hor' 

+ ^[{Jt - xUo)f:{dHo)MHo)-' A [{Jt - xUo)fndHom:Hor' 

=f:{do{doHo{Ho)-'))) - ^d[{Jt - xUo)f:idHo)] • (ft* Ho)-' 
+ ^if^doHoXf^Ho)-' A U - xUo)ft*{dHo)MHor' 

- - xUo)f:{dHo)MHor' A {f:doHo){f:Ho)-' 

+ ^[{Jt - xUo)f:{dHo)]if:Ho)-' A [{Jt - xUo)f:{dHo)MHo)-' 



Therefore we have 



(5.14) 

\rlAc,Aidtif:Ho)if:Hor')\^^ 
<\vlA^j:{do{doHo{Hor'))\^^ + ^IrfA^MJt - xUo)fndHo)] • (/;Fo)-1|^^ 
+ ^|r|A^, [{f:doHo){f:Ho)-' A U - x^o) (.dHo)M Ho)-'] 
+ ^IrfA^, [U - xUo)f:{dHo)MHo)-' A {f:doHo){f:Ho)-'] 
+ J|r|A^, [[{Jt - xUo)rt{dHo)MHo)-' A [{Jt - xUo) ft {dHo)]{n Ho)-'] |^ 



Note that because Ht = I under the chosen frame, we have ft Ho = ft ho- Using 
the bounds in Proposition 14. lOl we can estimate the first term on the RHS of (j5.14p 
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in each coordinate chart as 
(5.15) 



\rfAc,j:{doidoHo{Ho)-'))\^^ 



<Z^\vU;{do{doHo{Hor'))\H, 



<z7|/;(ao(ao/7o(^o)-'))lco(B,,i/„,,) • c"\t\vp 



2 



<Z, . [C^ + {C[f) ■ \t\rf^ < Zio|t|r,-2 

where Proposition 13.81 and the equation in Lemma 12.21 are apphed. We have also 
used the fact that 

Axtu^of^idoidoHoiHo)-^)) = /;(A^,(9o(aoi?o(^o)"'))) = 

since Hq is HYM with respect to the balanced metric uq on Xo^sm- 
The second term on the RHS of (j5.14p is bounded as 

(5.16)^ 

i|r|A^,d[(Jt - xtJo)f:{dHo)] ■ {ftH^r^H, 

<\\vh^.o,td[{Jt-xUo)n{dHo)] ■ (/;^o)-'Ih, 

+ ^|r|(Ac..„, - A^JdU - xUo)f:(.dHo)] ■ {flH^r^^ 
<Zn|rf A^,„,d[(Jt - xlJo)fndHo)] 1^, 

+ Zu\^t'-^co%o,^\rldU - xUo)rt{dH^)]\H,,g^^, 

I V 

co,tigco,t I 



<Zi2(l ^\l>^^ - cj, 



2 

j=0 



To proceed, let Vx*^;,^ ^ — V^^^ ^ be the difference between the two connections. 
It is in fact the difference between the Christoffel symbols of '^\gco,t and gco,Q- From 
the explicit formulas of Christoffel symbols in terms of the metrics and Proposition 



13.31 for some universal constans Di > and D2 > we have 
(5.17) 

_ 2 

\^r;g,,,t - ^gco,o\rtgco,t < Di{\g~„]()dgco,o\r;g,,,t + W9co]td'^t9co,t\r'tgco,t) < ^2r( ^ 
Now, by Corollary 12.41 we have 

(5.18) \Jt - xUolg^o, < WJt - JoIt-sc.. < ^oltlr,-' 

and by (|5.17p we have 

(5.19) 

|Vg,„,,(Ji - < Jo)l9eo,t <\^T*g,,,t{^Ut - Jo)\Ttgco,t 

<|Vs.„,o(T: Jt - Jo)|t*<,.„, + I(Vt*,.„, - yg..,o)iVJt - Jo)\Ttg. 

_ 8 

<Do\t\r^ 3 + \Vr*g^^, - Vg,,Jr',g,o,t ■ WJt - Mr*g,,,t 
<Do\t\r;K D2Do\t\r;\ 

We also have |r|d(/;Fo)|^^ < C'{ and E?=o |r|'Vi.,(/t*Fo)|^^ ^ < 

from Corollary 15.21 and |tDj~^ ~'^cot\gco,t ^ C"'|t|3 from Proposition 13. 8i Plug these, 
(f5J8]) and (I539D into (l5TH]) we get 

(5.20) 

^|(/;/fo)-V|A^,d[(Ji-x:Jo)/r(d/^o)]|^, 
<Zi2{l + C"\t\l) (^rf{Do + D2Do)\t\rf' -C'^ + Doltlri^ -cij <Zn\t\rt^. 

The third term on the RHS of (I5.14p is bounded as 
(5.21) ^ 

^IrfA,,, [{f^BoHoMHo)-' A U - xU^)f;{dHo)]{f:H^)-^] 

+ ^|r|(A<..„, - A<^J [(/;ao/?o)(/;^o)-' A U - xUo)f:(.dHo)MHo)-'] 

<zu{i + \^t' - u:-,%^^^j -iJt- xUoig.., ■ \vU{rtm\^g^^^^ 

<Zi4(l + C"\t\l) ■ D^\t\rj^ . {Clf < Z^^\t\rj\ 

where (j5.18p and Corollary 15.21 have been used again. 

The last two terms on the RHS of ()5.14p are also bounded by Zi6|t|rJ~^ by similar 
discussion. This together with (j5.14p . ()5.15p . (|5.20p and (|5.2ip complete the proof of 
Lemma 15.61 | 
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We continue with the proof of Proposition 15.51 From the remark before Proposi- 
tionESwe get, for Vt{2R\t\", |), that 



4' 

4 



(5.22) ItIA^^FhAh, = \rfA^, {dt{dt{f:H^) ■ (f^Ho)-')) < ■ \t\r, 
for some constant Zij > 0. Consequently, in this region we have 

(5.23) \r}Ac;,,FH,\H, < Z,j • ^lil'"'"- 
and one can estimate 



-2 



/ \rlA^M'k.r^'dVt= [ rf'lrlA^M'k.rT'dVt 

JVff2i?ltl",4) Jr, 



4J " yzy^-iv\^\ ,4; 

3 

^ drt 

Vt{2i?|t|"4) Jrt=2R\t\'=' 



3 



<Zi\Zi8|t|^ • ^(2i?)-3^|t|-3"^ 
We thus obtain 

(5.25) \\^^tFHt\\L^^_^{Vti2R\t\'-,l),gt,Ht) ^ ^IqI*!^"^"- 

This ends the discussion on the region Vt{2R\t\",l). As for the region because 
the geometry is uniform there it is easy to see that 

(5.26) \rlAc,,FH,\H,<Z2o-\t\. 
and 

(5-27) \\^^tFHt\\Ll_^(Xt[l],g,,Ht) ^ ^20,fe|i| 

when t is small. 

Finally, from (lOSD and (lOGll we get and from UibM . 

(j5.25p . and (|5.27p we get (|5.3p . The proof of Proposition 15.51 is complete now. | 

Remark From now on we fix a = |. Then we have 

(5.28) \rl Ac,Fh,\h, < Zo\t\'^ 

and 



(5.29) \\A^,FhAU_^^xm)^^>^\^\~'- 



6. Contraction mapping argument 

Our background Hermitian metric on £t as constructed in Section 5 is denoted 
by Hf. Let Ht be another Hermitian metric on St and write h = HtHf^ = I + h 
where h is fft-symmetric. 

It is known that the mean curvature 

x/^A^,F^^ = V^Ac^MidH^I + h))il + h)-') + V^Ac,Fh, 
of Ht is i?(-symmetric. 
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To make it i^^-symmetric, consider a positive square root of HfH^ ^, denoted by 
(HtH^^)^ . More explicitly, write h = P~^DP where D is diagonal with positive 
eigenvalues, then {HtH^'^)^ = P~^{I + D)^P. 

Remark Write (HtHf^)^ = I + u{h). Then it is easy to see that the linear part of 
u{h) in h is ^/i. 

After twisting the mean curvature above by / + u{h), we obtain 

(6.1) + u{h))-^[Kc,MdHAI + hW + h)-^) + A^,FhJ(/ + u{h)), 

which is iiff-symmetric. The equation 

V^A^,F^^ = 

is equivalent to the equation 

+ u{h))-\K,,MdHAl + h)){I + h)-^) + A<^,FhJ(/ + u{h)) = 0, 
which can be written in the form 

Lt{h) = Qt{h) 

where 

Lt{K) = ^ {k^^ddH.h + ]^[K^,FH,,h] 

is a linear map from 

Herm//j (End(iSt)) := {ffj-symmetric endomorphisms of iff} 
to itself, and 
(6.2) 

Qt{h) = -^{i + u{h))-\K^^ddHMi + hy\i + u{h)) + ^K^^dduA 

- V^il + u{h))-^Ac^^{dH,h ■ {I + h)-^ A Bh ■ {I + h)-^){I + uih)) 

- ((/ + uih))-'Ac,Ml + u{h)) - ^[Ac,FH„h]^ . 

In the above formulas, we use the fact that is the linear part of u{h). 
Notice that since 

(^^u>tddH,h + ^[Ac,FH„h]^ ,I)H,dVt = 

we have an induced map from 
Herm?,^(End(£:t)) := 

{-fft-symmetric endomorphisms of which are orthogonal to/} 

to itself. Because (j6.ip is a i/t-symmetric endomorphisms of £t which are orthogonal 
to I, we see the same is true for Qt{h). In this section h will always be a section for 
the bundle Herm^^ (End(£:t))- 
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We consider the contraction mapping problem via weighted norms introduced in 
Section 2. The metrics that define these norms and all the pointwise norms will be 
w.r.t. the balanced metrics gt on Xf and the Hermitian metrics Ht on £t, and the 
connections we use are always the Chern connections of Ht. Therefore we remove 
gt and Ht from the subscripts of the norms for simplicity unless needed. 

As in Section 2, we now consider the following norms defined on the usual Sobolev 
space L^(Herm^^(End(f())): 



As before, we use L^'^^ to denote L^^(Herm^^(End(<S())) for simplicity. The following 
Sobolev inequalities will be used in our discussion: 

Proposition 6.1. For each l,p,q,r there exists a constant C > independent oft 
such that for any section h of Herm^^{End{£t)), 



whenever h ^ h ^ h + ^ cif^d 



\h\h,<C\\hhl, 



whenever | < . Here the norms are with respect to Ht and gt ■ 

We now begin the discussion on the properties of the operator Lj. 
Lemma 6.2. For any given < i' <^ 1 and t ^ small enough, we have 

\\h\\L2_^<8\t\-'''\\Ltih)\\L2_^. 

In particular, the operator Lt is injective on L2 -2(^^'^™?i'f (^'^^('^t)))- 

Proof. Later in Proposition 17. II we will show that for arbitrarily given z/ > 0, we 
have 

\\h\\Ll_, < \tr\\rldHMLl_, 
for t ^ small enough. Using this one easily deduce that 



2 



r2 < 2\t\-n\r,^dH,h\\r2 

^1,-2 — I I \\ t -nt \\Lq_2 



for t ^ small enough. Now 

WrfdHMlh =[ {dHAdmh)dVt= [ {V^k^,ddH,Kh) dVt 

JXt JXt 

< [ \Ltih) - ^[A^,FH,,h]\\h\dVt 
<[ \Lt{h)\\h\dVt+ ! \h\''\K^,FH,\dVt. 

JXt JXt 
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4 ~ 1 

From (j5.28p we have \yI Kcj^FHt \ < ^ol^h- Therefore we can bound 
|/ip|A^,F^,J dVt = [ |r|/i|2|rjA^,F^,Jr-^dyi 

Xt JXt 



<Zo\t\* I \rlh\'rtUVt< Zo\t\i\\u\\^2_^ 



Xt 



Using this bound, we now have 



<4|t|"2'^ (^^ \Lt{h)\\h\dVt + Zo\t\"^\\h\\l,^^^ 

1 i_ 



Xt / \JXt 

<4|tr2n|Li(M||,2 .11/111,2 +4Zo|i|i-2'^ 



H'VllLg _j|'i|lLf__2 -r'lz.oitr II"IIl2_2- 

Therefore for v -^1 and t 7^ small enough such that 4Zo|t|4~^'^ < ^, we have the 
desired result. | 

We conclude from this that for A; > 6, the operator Lt : L\_2^ Lq _^ is injective. 

The operator Lt is also surjective. First of all, Acj^ddnt is a self-adjoint Fredholm 
operator, so it has index zero. Secondly, since for each t / 0, A^^j^Fnt is a smooth 
function on Xt, the operator 

from L2 _2 to Lq _4 is a compact operator. Therefore Lt has index zero, and the 
injectivity of Lt implies its surjectivity. Let the inverse be denoted by Pt. 

Proposition 6.3. There exist constants Zk > such that for any < <^ 1 and 

t ^ small enough, 

(6.3) < Z,(-log|t|)^|t|-2-||Li(/i)||^._^. 

Consequently, the norm of the operator Pt : Lq _4 — )• _2 is bounded as 

\\Pt\\<Zk{-log\t\)^\t\-^''. 

Proof. From the estimates of gt in Theorem l3.H the estimates of Ht in Proposition 
4 

15.41 and the estimates (|5.ip oirf A^^F^^ in Proposition l5.5l we can apply Proposition 
4 

12. 131 to the operator Lt, and obtain 

\\hh._^ <cJ\\r}Lt{h)h._^ + \\h\\L2^^^ 



<CU\\Lt{h)\\^,_^ + \\hh2^ 
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for constans (7^ > independent of t. By Lemma 16.21 and Holder inequality, 
(6.4) 

\\h\\l, <6Mt\-'^\\Ltih)\\l, =641^1-4-/ \rlLt{h)\'r-'dVt 

0,-2 0,-4 Jj^^ 

<Z'^\t\-^-{-\og\t\Y-l\\Lm\l. <Z'^\t\-^-{-\og\t\)\\Lt{h)\\l. ■ 

0.— 4 -^0,-4 

for t 7^ small. The claim follows now. | 

Now we consider the contraction mapping problem for the map 

Ut : ^ 4_2, Utih) = Pt{Qt{h)). 

Here Qt{h) is given in (16. 2p . 

Take /3' to be a number such that < /?' — 2 ^ 1. We restrict ourselves to a ball 

B{(3') of radius |t|"3" centered at inside ^2-2' ^'^cl show that [/^ is a contraction 
mapping from the ball into itself when t 7^ is small enough. 



Proposition 6.4. For each k large enough, there is a constant > such that 
when t ^ is small enough the operator h 1— )• Qt{h) maps the ball of radius \t\ 3 in 
L2 _2 into the hall of radius Z^\t\ 3 • |i| 3 in Lq 

Proof. Note that when k is large enough one has the Sobolev embedding L2 _2 
C^2- Proposition 16.11 implies the existence of a constant C^** independent of t such 
that 

(6.5) \\h\\cl,<Cf\\h\\^._^. 

pi 4 pi 

In this case, H/iH^,* ^ ^ 1*1"^ implies in particular that \h\r^ < C^^\t\~3 , and hence 

(6.6) \h\<Cf\t\^. 

Therefore, because < /?' — 2, when t 7^ is small it makes sense to take the inverse 
of I + h and / + u{h), and there are constants Z[ and Z2 such that, for t ^ small, 

1(1 + u{h))-\A,,,ddHMi + + u{h)) - ^K^.dduM 

< Z[\ddHM\h\ < Z[Cf\t\^\ddHM < Z[Cf\t\^\VjjM 

and 

(6.8) max{|/i|, \I + u{h)\, \{I + u{h))-^\, \I + h\, \{I + h)-^\} < Z'2. 
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(6-9) , , .,^,-1, 



From the expression ()6.2p for Qt we can bound it as 

\Qt{h)\ <\{I + u{h))-\kc.,ddHMl + + u{h)) - V^K^^ddnM 

-1(1 + u{h))-^Ac,{dH,h- {I + h)-'^ Adh- (I + h)-'^){I + u{h))\ 
-!((/ + n(/i))-i| • \A^M ■ \il + u{h))\ + \h\ ■ \A^M 

where (16. and (16. Sh are used. 

Now we estimate the Lq _4-norm of |V|^^/i| and |V//j/ip. First of all we have 

72 u\k-4.r.. _ f , §(2+2) 2 u\k-i. 



JXt JXt ^'-^ 



and hence 

72 



(6.10) \\\VijM\Ll_,<\\h\\Ll_,< 
Next we estimate 

JXt 



JXt 



By Proposition 16. 1 1 we have, for large k, \\h\\j^2k ^ < C'fc*||/i||ife ^ < C'|^|t|"3" for some 
constant Cf' independent of t. Thus we get 

(6.11) \\\vhMXi^_, < < icff\t\i^'^'~'^ < (cf)2|t|^|t|4^. 

From the remark after Proposition 15. 5( we have for some constants > 

(6.12) \\^^tFm\\Ll_^ < Zk\t\-^ < Zk\t\-^-^\t\T. 

Note that for < /3' - 2 <Cl, | - |^ > ^ > 0. We fix such a /?'. 
Now, from (fOOD . (f6TlT) . and (l6J2]l we have 

(6.13) \\QtmLl_, ^ (^1^^' + (^2)' • (f^f )' + ((^2)' + ^2)^fc 

for t ^ small enough. | 

Fix /?' as in Proposition 16.41 and choose u < — ^ in Proposition 16.31 then for 
t 7^ sufficiently small, Ut maps B{f3') to itself. Next we show 

Proposition 6.5. Ut is a contraction mapping on B{(3') for t 7^ small enough. 

Proof. We first show that when i 7^ is small enough and k large enough, there 
are constants Z^' > such that for any hi and /12 contained in B(f3'), we have 

(6.14) WQtihi) - Qt{h2)\\L._^ < Z'^\t\^\\hi - h2\\Ll_^. 



I fi'-2 0' 
— . t,- 
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As discussed in Proposition 16.4^ for i = 1,2 when G B{I3') we have < 

Cf for some constants C^^. In this case there is a constant Z'^ independent 

of t such that 

|(/ + hi)-\l + U{hi)) - (/ + /l2)-^(/ + U{h2))\ < Z'.,\hi - /l2|, 

|(/ + u{h,))-^ - (/ + n(/i2))-^| < Z'^\h^ - h^l 

(6.15) \{I + u{hi))-{I + u{h2))\<Z'^\hi-h2l 

\{I + hi)-^ -{I + h2)-^\<Z'.,\hi-h2\, 

\u{hi) - n(/i2)| < -^sl/ii - /i2|- 

Using these bounds, the bounds in (j6.8p . and the expression in ()6.2p for Qt{h), it is 
not hard to see that for some constant Z'^ we have 

(6.16) 

\Qt{hi) - Qt{h2)\ 

<Zi{{\A^,ddHM\ + \^c.,ddHM\)\hi - h2\ + (|/ii| + \h2\)\A^,ddHAhi - h2)\ 
+ {\VHMf + \^HM\^)\hi-h2\ 
+ (|VH,/ii| + \Vmh2\)\VHAhi - h2)\ + \A^,FhMi - 

<Zii\t\-l{\Ac,,ddHM\ + |A^,a%/i2| + \Ac,,FH,\)\ri {h - h2)\ 

+ Itrkl^HM' + |VH,/i2p)|r|(/ii - Ml 

+ \t\-H\r;hHM\ + \r;hHM)\rfyHAhi - h2)\ 

+ (|/il| + |/l2|)|A^,9%(/li-/l2)|) 

_2 1 

where in the last Hne we use the fact that \t\ arj'* > 1 on Xj. Therefore 
(6.17) 

WQtih) - Qtih2)h^^ _^ 
<Zii\t\~h\\^c.,ddHM\\L^, +\\Ac,ddHM\\L^, +l|Ac^,F^^J|.. )sup|r|(/ii-/i2)| 

U, — 4 U, — 4 U, — 4 

+ \t\-k\\\'^HM\^\\Lil +ll|V/f,/l2p|lLfe )sup|rj(/li-/l2)| 

+ \t\~k\\rf'yHM\\L^,_, + \\rf'ymh2\\L^^Jsnp\r^tVm{hi-h2)\ 

+ 2cf |t| ^ II A^,a% (/ii - /i2) IL. _ J 

where ()6.6p is used to bound \hi \ + |/i2|. 
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The first term in the RHS of (|6.17p is bounded as 
(6.18) 

_2 - - 4 

\t\~^{\\^CjtddHM\\q^_^ + \\^CotddHM\\L^^_^ + l|A<i,FyJifc_^)sup|rf (/ii -/i2)| 

Xt 

<(2 + Zk)\t\-l\t\^\\h, - /i2||co^ = (2 + Z,)Cf - /i2||i._^ 

for t smah enough. Here we have used (I6.10p . (j6.12p and (j6.5p . 
The second term in the RHS of (16.171) is bounded as 

(6.19) 

\t\-"H\\\VHM?\\L^,_, + \\WHM\^\\L^,J^M^l{h^-h2)\ 

<\t\-l ■ 2{Ct}>f\t\^\t\^ . \\h, - h2\\co_^ < 2iCffCf\t\"-^\\h, - h2^_^ 

for t smah enough. Here ()6.1ip and (16.50 are used. 

To bound the third term in the RHS of (|6.17p . we first estimate that, for < 

JXt Jxt 

and hence 

Therefore we have 

|t|-§ ( ||r7^VH,/ii||rfe + l|r7^VH,/i2|lLfe ) sup|r2VH,(/ii -/i2)| 

(6.20) V ^ ^ °--V X, 

<2|t|-i|t|T||/il-/i2||c.i, <2Cf|t|^||/ll-/l2|lL|_^ 

where the above estimate and (|6.5p are used. 

Finally, it is easy to see that the last term in ()6.17p is also bounded as 

(6.21) 2Cf |t|^||A^,aaH,(/ii - /i2)|lig_^ < 2Ct\lfi^\\h^ - /i2||^._^. 

Plugging dnH]), (I6l^ . ([OO]) and (fOTT) into (I6T7D proves (|6Ta . 

Recall that we have chosen v < ^f3' — ^. Therefore ()6.14p and the bound for 
the norm of Pt given in Proposition 16.31 show that for t ^ small enough Ut is a 
contraction mapping, as desired. | 

Using the contraction mapping theorem on Ut : B{/3') — )• B{f3'), we have now 
proved 

Theorem 6.6. Fort ^ sufficiently small, the bundle £t admits a smooth Hermitian- 
Yang-Mills metric with respect to the balanced metric LVf 
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7. Proposition 7.1 

What remains to be proved is the following proposition. 
Proposition 7.1. For each v > 0, we have 



f \rlh\^v;^dVt < \tr f \dHM''dVt 

JXt JXt 

for t small. 



We can regard this proposition as a problem of smallest eigenvalue of a self-adjoint 
operator. Consider the pairing 



8 



J Xt 



One can compute 

/ {dHthi,dHth2)Ht,gtdVt= {\/^KtddHthi,h2)HtdVt 

JXt JXt 

r 8 4 _ 4 

= / {V^Y^ Kcj^ddHthi,h2)HtT^t dVt = {V^r^ A^^dduthi, ^2)l2 .j- 

4 

From this we see that the operator \f^r^ h-cjtddHt is self-adjoint on Lq _2(Herm^^ (End(£^t))). 
Define the number 

jxt\dHth?dVt 

At := mf — J J . 

O^/iGLg _^(HermO,^(End(£:t))) \h\'^r'^ ^ dVt 

It is not hard to show that the above infimum is achieved at those h satisfying 

(7. 1) V^r| A,:,, Bdut h = \th, 

4 

i.e., h is an eigenvector of the operator \/^y^ Kcj^ddHt corresponding to the smallest 
nonzero eigenvalue At on Lq _2(Herm5^^(End(£^t)))- For each t 7^ let ht be such an 
element which satisfies 11 /it II 7-2 =1. 

Proof. Our goal is to show that for each v > Q one has At > Itl'^ when t ^ 
is small. Suppose such a bound does not exist. Then for some u > Q there is 
a sequence converging to such that At„ < ItnT- The endomorphisms /it„ 
introduced above satisfy 

(7.2) V^rlAi:, JdH„hn = XnK, 

(7.3) f \hn\^r-ldVn = 1 
and 

(7.4) / [dHM^dVn < Itnl". 
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Here we use the notations r, ujn, and A„ to denote r^,^, udt,^, Ht^ and Aj^, 
respectively. In the following we will replace the subscripts tn with n. 

For each fixed 5 > and n sufficiently large, because the Riemannian manifold 
{Xn[S\,Qn) has uniform geometry, and because the coefficients in the equations (|7.2p 
are uniformly bounded, there is a constant C independent of large n such that 



\^n\\Ll{Xr,[2S\) < C'll^n||L2(x„[5]) < C 



where C depends only on 5 and p. For p large enough we see that ||/in||c72(jf^[2(5]) 
is bounded independent of n. Therefore by using the diagonal argument, there is 
a subsequence of {hn} converging to an f^o-symmetric endomorphism h in the 
sense over each compactly embedded open subset of Xo,sm- From (|7.4p one sees that 
dh = over Xg.sm- But then /i is a holomorphic endomorphism of and by 

Hartog's Theorem it extends to a holomorphic endomorphism of £ over X. Since 
£ is irreducible, the existence of a HYM metric on £ implies that it is stable and 
hence simple. Therefore h = for some constant /x. 

Lemma 7.2. There exists an < t < g and a constant Cio > such that for any 
< 6 < ^ and large n, 



I 

JVr 



\hn\'^r~^dVn < CioS^'. 



'Vn(S) 

Let's assume the lemma first. Then we have 



|/ipr-3dVb = lim 



\h\ r 3dVo = lim lim 



2t\ 



On the other hand 



|/ipr sdVo = lim lim / 



SO we have 



> lim lim (1 - Ciq5^') = 1. 

<5— 1.0 n— >oo 



Q 4 

hn\ T '-idVn < lim lim 1 = 1, 

(5^0 n— ^oo 



rank(£') / 



Since h = fil, this implies that 
(7.5) l^p = I 

On the other hand, note that for each S > 0, 
|//|rank(£:)Volo(Xo[(5]) 

Because 

I 

Xn 



r 3dVo 



/ tvh dVo 


= lim 


/ tr hn dVn 


Jxo[S] 


n— >oo 


JX„[5] 


tr hn dVn = 


0, 
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we have 
(7.6) 
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|;u|rank(£:)Volo(Xo[(5]) = lim 



tr hr, dVn. 



X45] 



lim 

n— >oo 



tr hr, dV„ 



Vn(S) 



< Ci lim 



7 



\hnrdVn < C2 lim 



Vn{5) 



Now choose 6 small enough such that 
(7.7) 
and 



Yoh{Xo[5]) > -Volo(Xo) 



(7.8) 



rank(£') / 



r sdVr 







> 



2C.5'- 



rank(£:)Volo(Xo)' 



We see that a contradiction arises from (j7.5p - (j7.8p . We have thus shown Proposition 

EH I 



Proof of Lemma 17.21 First of all, by Holder inequality, 



\hn\^r 3dVn < 



Vn(5) 



hnfr-'^'dYn 



-4+6(. 



dVn 



Because 



-4+6t 



dV„. 



Vn{5) 



it is enough to prove that 



Kfr'^'dVn I < C4 



for some constant C4 > 0. 

The proof makes use of Michael-Simon's Sobolev inequality [29] which we now 
describe. Let M be an m-dimensional submanifold in M^. Denote the mean curva- 
ture vector of M by H. Then for any nonnegative function f on M with compact 
support, one has 



(7.9) 



f—dVg, < C{m) / (IV/I3, + \H\ ■ /) dVg, 

M J Jm 



where C{m) is a constant depending only on m. Here all metrics and norms are the 
induced ones from the Euclidean metric on C^. We denote this induced metric by 
qe- Do not confuse this metric with the metric Qe appearing in earlier sections. In 
our case M is the space Vt(|) identified as part of the submanifold Qt C C^. As 
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pointed out in [14j . the relations between the volumes and norms for the CO-metric 
gco,t and those for the induced metric gE are 

(7.10) dVg^^_, = Ir^'dVg, 



and 



(7-11) \Vf\l<Crf^\Vf\l^^^ 

for any smooth function / on Vi(|). 

Let r(r) be a cutoff function defined on 1^(1) such that r(r) = 1 when r < ;| and 
T(r) = when r > ^. Extend it to Xn by zero. From (j7.10p we have 

(7.12) / \hnfr-^'dVco,n<l [ \Kfr-'''-\''dVg^. 

where dVco,n is the volume form with respect to the CO-metric uJco,t„- 
Moreover, using Holder inequality, one can deduce from (|7.9p that 

2 
3 



/ ^ fdV.A <c [ \Vf\ldV,,, 
and using ()7.10p and (|7.1ip we get 

2 

(7.13) (/ f'dVgA <cj' |V/|L,„rldF,,„,„ 

where | . \co,n is the used to denote | . |gco,t„. 

Apply ([713]) to / = |/i„|r~'"ir, and then together with (f71^ (and LemmaET]) 
we have 



(7.14) 

( f \hn\'v-'^'dVn 

\Jv„(\) 



§ / \ § 

3 I / \h |3^-3tjT/ 1 ^ nl \ I nh lr.-'--l-^^3^ 



<C! I [ \hnfr-^'dVco,n] <ch^ I {\hn\r-'-^^TfdVg^ 

<C6 [ \Vi\K\r-'-lT)\l^rldV,o.n 

<3Ce [ \V\hn\\lonr'^'r^dVco,n + SCQ [ \hn\^\Vr-'-l\l^T^rldVco,n 

+ 3C76 I \hn\^V-^'\VT\l,^ndVco,n. 
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The third term on the RHS of (|7.14p is an integral over Vn{\,^) in which the 
support of Vr hes. From (I7.3P one sees that it is bounded by some constant C7 > 
independent of n. Later whenever we encounter an integral with a derivative of r 
in the integrant, we will bound it by a constant for the same reason. 

Because is i/„-hermitian symmetric, dhn = (Sf/n^n)*^") and so the first term 
on the RHS of (|7.14p can be bounded as 

(7.15) 



N\hn\\co,n^ '^''r'^dVco^n < I {{du^K, dH^K) co,n + {dK, dK) co,n)'C '^''T^dVco,n 



{dHnhn,dH„hn)co,nT^ ''T dVco,n < C^ltnl" '' 



for some constant C3 > independent of n. The last inequality follows from (|7.4p 
and Lemma 12.71 We now fix an i such that < i < min{ g , i^} • Then we see that as 
n goes to infinity, this term goes to zero. 

Finally we deal with the second term on the RHS of (I7.14p . It can be bounded as 



(7.16) 



hn\'^\Vr-'--^\l^^yrtdVco,n <C8 



for some constant Cg > 0. hence it is enough to bound the term on the right. 

To do so, we introduce the notation 4)2 = r~^\ and denote df^ = du^ +51o^ 
We can estimate 



0< / {dhn,dK)g„(t)2T^dVn < 



v„a) 



+ / {V^Ac.Jdphn,hn)g„(P2r^dVn + C7. 



One can compute that 

V^Ac^^d^yK + V^Ac^JdiiK 

and so we have 



-IA^^Fh^,K] + {^A^Jd\og(t>2)K 



< / ([V^A^„Fj^„, /l„)3„ - {{^^Acjdlog 4>2)K, K)gA2T'^dVn 



+ 



Vn(i) 



{d'^j^K,d'ISK)gMr^dVn + C-j 



<2 [ \A^^FHj\K\''cl)2T^dVn + 2 [ \dH„K\lj2T^dVn 



+ 



(2|91og( 



'2 0„ 



-lA^^ddlogC^2)\hn\'(p2T'dVn + C, 
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~ _ 4 1 

To proceed, we use the bound \^~u)„Fh^\ < Zqt 3|t„|4 from the remark at the end 
of Section 5 to deal with the first term. We use ()7.4p to take care of the second 
term. Finahy, we have 

r\ cy 4 i — 4 

\d\og(t)2\g^ < 3i r"3 and V-lA^,^991og (?!)2 > tr~3, 

which fohow from (bottom of) p. 31 of [13] together with the observation ^J—ldd log (j)2 > 
and the crude estimate \gco,t ^9t< '29co,t on Vt{^) for t sufficiently small. 
Thus 

0<2Zo|t„|3 / \hn\'^r-l(t>2T^dVn + 2\tn\''~' + [ (6^^ - t) | /l„ | ^r" I (^aT^dK + ^7 

<(2Zo|t„|^ + -i) f IKl'^r-^'- ^T^dVn + 2|t„|^-^ + C4. 

Recall that Q < l < min{g, i^} is fixed. Let n be large so that 2Zo|tn| ^ + Ql^ — t < 0, 
we see from above that 

(7.17) / |/i„|2r-2^-3r2dK < C{i) 

for some constant C{i) > depending on l. 

From (HHl), (!7T5|) . (j7T6|) . and fTTTl) the proof is complete. | 
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